Lecture 4
Sorting Algorithms
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Sorting on array

» Applications of sorting

» Websites, databases

» Sorting problem
o Input: an array A of n numbers

o Output: a sorted array A (in ascending order)

put: | 29170185140147126113159

Output: | 13 126129140147 159170185




Time complexity of sorting algorithms

Algorithm  Worst-case Average-case
time time
complexity  complexity
Selection sort O(n?) O(n?)
Bubble sort O(n?) O(n?)
Insertion sort O(n?) O(n?)
Heap sort O(n log n) O(n log n)
Merge sort | O(n log n) O(n log n)
Quick sort O(n?) O(n log n)

Possible input arrays at n=5

b

512497

811]|6|4]|7

113|51]7]9

Running time

Worst-case

instance ID

3



Our Roadmap

z » Slow sorting algorithms

o Selection sort, Bubble sort, Insertion sort

» Fast sorting algorithms (by divide-and-conquer)

o Merge sort, Quick sort

» How to analyze the running time of
these divide-and-conquer algorithms?

» Can we sort faster than O(n log n) 1n the worst
case?



Selection Sort

» In the outer for-loop, each iteration

o The subarray A[0..i—1] 1s already sorted

o Select the smallest value from
Ali..n—1], swap i1t with A[]

Selection-Sort ( Array A[0..n—1])

1. for integer i € 0 to n-2

2.

B W

k&< i
for integer j € i+1 to n—1
if A[k] > AJj] then
k< j
swap Ali] and A[k]

input

=0, after line 6:
i=1, after line 6:
=2, after line 6:

=3, after line 6:

S12141917

215141917

214151917

214151917

214151719




Bubble Sort

» Scan the array sequentially

» Swap adjacent elements if they are not in the ascending order

» Repeat the above until no swaps are needed

Bubble-Sort (A Al0..n—1

lurep:at OI'( iy [ L ]) input 512141917
2. isUpdatedéfalse repeat iteration I, swap #1 | 215141917
3. forintegeri < 1ton-1 -

4. if A[i—1]>A[i] then repeat iteration 1, swap #2 | 214151917
5. Swap Ali—1] and A[i] repeat iteration I, swap #3 | 214151719
6. isUpdated < true -

7. until isUpdated = false repeat teration 2 noswap | 2 14151719

@)



Insertion §

ort

» Let x be the value of A[i] at line 2 (before the while-loop)

» Move x to the position such that
o The left hand size < x

o The right hand size > x

Insertion-Sort (Array A[0..n—1])
1. for integer i € 1 to n—1

2. j€&i

3. whilej>0and A[j-1] > A[j]
4. swap A[j] and A[j—1]

S j €< j-1

207170 x 1 ...

<xlxI>xl...

input 502141917
i=1, swap#1 | 215141917
i=2, swap #1 [ 214151917
i=3,noswap | 214151917
i=d, swap#l 214151719




Best-Case Input vs. Worst-Case Input

» In comparison sorting algorithms, the running time
depends on the number of element comparisons

o E.g., the comparison A[i—1] > A[i] in Bubble Sort (Line 4)

» Examples for the Bubble Sort at n=5

o The best-case input at n=>5

214151719

The number of element comparisons

o The worst-case input at n=>5

017151412

The number of element comparisons

Bubble-Sort (Array A[0..n—1])

1. repeat

2. isUpdated < false

for integer i € 1 to n—1

if A[i—1]> A[i] then

swap A[i—1] and A[i]
isUpdated € true

.until isUpdated = false

N oL AW



Our Roadmap

» Slow sorting algorithms
» Fast sorting algorithms (by divide-and-conquer)

» Merge sort

o Quick sort

» How to analyze the running time of
these divide-and-conquer algorithms?

» Can we sort faster than O(n log n) 1n the worst
case?



Divide and Conquer (D&C)

» Divide and Conqguer (D&C) 1s a technique for
designing algorithms
» Divide: divide the problem into smaller subproblems
o Conquer: solve each subproblem recursively

» Combine: combine the solutions of subproblems into
the solution of the original problem

1. divide

| A 3. combine
: I
| |
| |
| |
| |
| |
1
\ l

2. conquer 0



Divide-and-Conquer

Algorithm Merge Sort Quick Sort
Divide Divide the array A into | Partition the array A into
two equal-sized two sub-arrays
sub-arrays L and R L (with small values) and
R (with large values)
Conqguer Sort each sub-array Sort each sub-array
recursively recursively
Combine Merge the sorted NIL

sub-arrays L and R

11



Merge Sort

» Divide: divide the array A 1into two sub-arrays
(L and R) of n/2 numbers each

o Conguer: sort two sub-arrays recursively

» Combine: merge two sorted sub-arrays into a
sorted array

12



Merge Sort: Combine Phase

Merge ( Array L[0..n,—1], Array R[0..ny—1] )\
.n, € n; + np

Pre-condition:
Arrays L and R are already sorted

1

2. create a new array A[0..n,—1]
3.1€0; j€ O

4. fork €< Oton,—1

5. 1t (j=ng)or (i< n; and L[i] < R[j])
6

7

3

9

Akl <€ L[] ; i< i+]
else

. Akl < R[j] ; J €j+1
. return A R | 13]261/47]59




Merge-Sort ( Array A[0..n—1]) p

Merge Sort

Divide: divide the array into two
sub-arrays of n/2 numbers each

l.if n>1 /
2. m&| n2 | S Conqz/fer. sort two sub-arrays
-=' recursively
3. Array L € A[0..m—1] : 4
4. ArrayR € Alm.n-1] -~/
T .-l -~, , Combine: merge two sorted
5. Merge-Sort (L) ::" sub-arrays 1nto a sorted array
6. Merge-Sort (R) ! 7
7. A[0..n—1] € Merge (L, R) .----"~



Merge Sort: Divide Phase

2170185140147 126113 1359

(1) divide

29170185140

(2) divide

29 170

35 | 40

\
2]

47126

47126113159

(3) divide

’
4

13159

\
Y

40

47

59

15




Merge Sort: Combine Phase

13126129140147159170 185

-=~"(6) combine

291401701 85

(5) combine

29 170

40 | 85

xR x
/7 A\ /7 N\

13126147159

\\\ (4) combine

29

70 35

40

26147 ] [ 13159
4711261 131159

16




Quick Sort

o Divide: divide the array A into two sub-arrays
L (smaller 1items) and R (larger items)

o Note: L and R may have different sizes
» Congquer: sort two sub-arrays recursively

» Combine: no further work. Why?

17



Quick Sort: Divide Phase

Partition ( Array A[l..h] )

1. pivot € A[h] o Position of sub-array A: from /[ to &

) & ]_1 » Pick a pivot as the last item

3.forj € to h—1 ¢ Sub-array A[/..i]: values < pivot

4. if A[j] < pivot @ Sub-array A[i+1..j—1]: values > pivot
5. 1< i+1 -

. . <> In each loop iteration, how do we
6. swap Ali] and Alj] { i maintain these conditions?

7. swap A[i+1] and A[A] o E‘e.___What’s clever about Line 6?
8. returni + 1 :

eration begm T mseen
1t AL > pivor T umseen
1t AL < pivor T unseen




Quick Sort: Divide Phase

Execution
order

Meaning of
colours:

unseen

2170185140147 126113159

29170185140147126113159

2170185140147 1261 13159

29140185170147126113159

29140 1471701851261 13159

29140 147126185170113159

20140 147126113 170185159

2901401471261 13159185170

19



Quick Sort

First call: Quick-Sort (A[0..n—1]) .
o Divide: Line 2

Quick-Sort ( Array A[l..h]) o Partition the array by a pivot
1.ifl<h o Note that these two sub-arrays
2. p & Partition (A[L.4] ) may have different sizes
3. Quick-Sort (A[L.p-1]) o Congquer: Lines 3-4
4. Quick-Sort (A [p +1 hl) o Sort each sub-array recursively

Yo,
.
.
.
.
.
.
.
-
.
.
.
.
Yy

v
e,
‘.
.
‘a

Before partition

T
e,
0
.
0
.
.
.
.
.
-
.
-
.
.
.
.
0
.
0
.
.
.
.
.
-
.
'.

After pariton
20



Quick Sort: Divide Phase

29I7OI85I4OI47I26I13I59

Execution —
order 77T N Tl
= o T
29140147126113 59 85170
JPT e (p1vot)
&~ - ; v \\4
I3 40147126129 70 | g5
(pivot) — (pivot)
et v \\\\\J‘
26 29 40 1 47
(pivot) N

40 | 47

(pivot)




A

Quick Sort: Combine Phase

Execution
order

13I26I29I4OI47I59I7OI85

13|26|29|40|47
e

13

(pivot)

f’
’f
-

26129140147

26

29
(pivot)

40 | 47

AT
/ ~

40 | 47

(pivot)

-~
-~
-~
-~
-~
-
-~
-~
-~
~ -
~ ~ -~
-~
-~
-~
-~
-~
-~
-~
~ -
~

701 85
70 |85
(p1vot)

In fact, no actual
work 1s done 1n this
combine phase!
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Our Roadmap

» Slow sorting algorithms
» Fast sorting algorithms (by divide-and-conquer)

» Merge sort

o Quick sort

g » How to analyze the running time of
these divide-and-conquer algorithms?

» Can we sort faster than O(n log n) 1n the worst
case”?



Recurrence: running time of D&C Algorithm

» Let T(n) be the running time of algorithm at input size n

o Example: running time of Merge-Sort
o Divide the problem into 2 subproblems
o Each subproblem has 1/2 of the original problem size

» The combine phase takes O(n) time (we will analyze this later)

» The recurrence of the running time of Merge-Sort
T(n) = 2T(n/2) + O(n)

1. divide

A 3. combine
|
1
|
1
1
1
1
|
1

\4

\

2. conquer Subprvoblems o



Solving Recurrence

» [Step 1] Find the recurrence of the running time
of Merge-Sort

T(n) = 2T(n/2) +On)

» [Step 2] After solving the recurrence, we get:
T(n) =0 (nlog, n)



Running Time of D&C Algorithm

» To analyze the running time of a D&C algorithm, we do:
o Step 1. Find the recurrence of the algorithm

o Step 2. Solve the recurrence  [please refer to Lecture 3]

» We will analyze the running time of:
» The Merge-sort algorithm

o The Quick-sort algorithm



Running Time of Merge (for Merge Sort)

Pre-condition:
Arrays L and R are already sorted

W o The input size is n, = n; + n,
Merge (Array L[0..n,—1], Array R[0..n,—1])
l.n,€ n, +ng » Lines 1, 3: O(1) time
2. create a new array A[0O..n,—1]
3€057€0 o Lines2,4:  O(n,) time

4. fork € 0ton,—1

5. it (j=ng)or (i< n; and L[i] < R[j])
6 Al € L[i] ;i€ i+l » Lines 5-8: same as Line 4
7. else

8 AK€ R[j] ; j €j+1 » Total time: O(n,)

0. return A



Merge-Sort ( Array A[O..n—1])

Running Time of Merge Sort

l.if n>1

2.

NS s Ww

mé& | n2 |

Array L € A[0..m—1]
Array R € A[m..n—1]
Merge-Sort ( L)
Merge-Sort (R )
A[0..n—1] € Merge (L, R)

» Let T(n) be the running
time of Merge Sort

o Lines 3, 4: O(n) time
o Line 5: T(n/2) time
o Line 6: T(n/2) time
» Line 7: O(n) time

Running time of Merge

» Recurrence of Merge Sort
T(n) =2 T(n/2) + O(n)

» After solving recurrence:
T(n)=0(nlogn)



Running Time of Partition (for Quick Sort)

Partition ( Array A[l..h] ) o Themputsizenish—-1[1+1
1. pivot € A[h]

i1 » Lines 1, 2: O(1) time
3.forj & lto h-1 o Line 3: O(n) time
4. 1f Alj] < pivot

S. i< i+l » Lines 4-6: same as Line 3
6. swap Ali] and A[j]

7. swap A[i+1] and A[A] » Lines 7,8: O(1) time

8. returni + 1
» Total time: O(n) time



Running Time of Quick Sort

The input size 7 is /i — [ + 1
First call: Quick-Sort (A[0.n—1]) ~ = PUtSIzetis

» Let T(n) be the running time of
Quick Sort

Quick-Sort ( Array A[l..h]) . Line 1: O(1) time

l.ifI< h - o Line 2: O(n) time

2. p é Partition (A[l..h] ) o Let x be the number of items
3. Quick-Sort (A[L..p—1]) in the left sub-array

4. Quick-Sort (A[p+1..h] ) o Line 3: T(x) time

o Line 4: T(n—x—1) time
----------------------------- » Recurrence of Quick Sort:
T(n)=Tx) + T(nh—x-1) + O(n)



Quick Sort: Best Case Running Time

+» Recurrence: T(n)=Tx)+Tn—x-1)+cn
& where ¢ 1S a constant

» The best case happens when both sub-arrays have the
same size, 1.e., x = n—x—1 = (n—1)/2

T(n) 2T((n-1)/2)+cn
< 2T(n/2)+cn

» Solving this recurrence, we get: T(n) = O(n log n)

as the best case running time of Quick-sort

31



Quick Sort: Worst Case Running Time

+» Recurrence: Tn)=Tkx)+Tmn—x-1)+cn

» The worst case happens when the left (or the right)
sub-array 1s the largest, 1.e., x =n—1 and n—x—1 =0
T(n)=T(n-1) +
() (=D +cn Input size Time

n cn
n—1 c(n—1)

Thus, we derive: T(n)

=cn+cn-1+cmn-2)+...+c (1) ) c(n-2)
=cn(n+1)/2
=0(n?) 1 c (1)



Quick Sort: Worst-Case Input

o Quick Sort takes O(n?) time for the worst-case input:

» Is the following array the worst case input (at n=8)?

o Run Quick Sort, find the pivot and partitions (i.e., subarrays) in
each recursive call
Partition ( Array A[l..h])
1. pivot & Alh]

13126129140147159170185 2.0 =1
3.forj&< [ to h—-1
4. 1if A[j] £ pivot

5. 1 €< i+1

2 6. swap Ali] and A[j]
7. swap A[i+1] and A[A]

8. returni + 1 33




Randomized Quick Sort

» To reduce the chance of the worst case 1n Quick Sort,
we can pick a random pivot (in the Divide phase)

o See Lines 2-3 in the algorithm below

» Expected running time:
O(n log n) Rand-Quick-Sort ( Array A[l..h] )
l.ifI< h
2. r € pick a random position in [..A
3. swap A[r] with A[A]
4. p < Partition (A[l..h] )
5. Rand-Quick-Sort (A[l..p—1])
6. Rand-Quick-Sort (A[p+1..h])

» Worst-case running time:
still O( n?)

but it occurs with very low chance



Our Roadmap

» Can we sort faster than O(n log n) in the worst case?
o NO/YES

o Depending on the allowed operations, the domain size



Lower bound of comparison sorts

o An algorithm 1s comparison sort algorithm it

o It determines the sorted order of an input array only by
comparing elements

» Selection sort, Bubble sort, Insertion sort, Merge sort,
Quick sort are comparison sort algorithms

o [Theorem] Any comparison sort algorithm requires
(0(nlogn) comparisons in the worst-case

o Assuming all elements are distinct



Lower bound of comparison sorts

To sort three elements aq, a,, a;, how many

possible sorting orders?

/ \
o 3! (permutations)
. . . (1,2,35)/ \>1 (21'%)/ \
A binary decision tree 2N\ s/f y

(1,3,2) (3.1,2) (2.3.1) (320

o We start from the root (the node at the top)
» In a non-leaf node, “i;j” means “compare a;, a;”
two outcomes = two child nodes

» Each leaf node stores a sorted order

A path from root to a leaf 1s a solution

o 'The length of the path is the number of

comparisons (1.e., the running time)

The height / of the tree is the worst-case

lower bound running time



Lower bound of comparison sorts

» To sort n elements a4, ..., Ay,

how many possible sorting orders? / \
M ni (12?>/ \ 3 (21’5)/ \
1 . 1%2/ \:12 2%1S/ \:21
» The height h of the tree is the ( CEE) R CEED N P2

worst-case lower bound running time
o Let’s find a lower bound of &
» A complete binary tree with height # have at most 2" leaf nodes
o nl < 20

o h = log,n!

» Since log,n! = 0(nlog,n), h = Q(nlog,n)




Sort with additional information

» Sort not only by comparison but also
additional information

» Example: Sort n elements that are
integers in range 1 to k

o Counting sort runs in O(n + k) time,
which is O(n), if k = O(n)



Sort with additional information

» Sortn elements that are integers in range 1 to k

» How to sort this array of integers in [1,4]?

A l1(2(4|1]14]2]1

o Count the frequency of each integer

1 2 3 4 1 2 3 4
C lololo]|o *C [3]2]0]2

» How to get the sorted array?
place the integers in A according to the frequencies in C



Sort n elements that are integers in range 1 to k

i=1, [=0, m=3; fill at positions 1,2,3

A |1

1

1

1

4

2

1

=2, =3, m=2; fill at positions 4,5

A |l

1

1

2

2

2

1

i=3, [=5, m=0; do nothing in A

A |1

1

1

2

2

2

1

=4, [=5,

m=2; fill

at positions 6,7

A |1

1

1

2

2

4

4

Counting-Sort(A[1..n], max value k)
1. create a new array C[1..k] // frequency
2.fori € 1tok

3 Clil]< 0

4.forj< 1ton

5 C[A[j]] € CIA[j]] + 1

6.1<0
7.
8
9
10.
11.

fori < 1tok
m €< Cli]
forg < I tom
All+q]€i
| < |+m

_ o

Time complexity: O(n+k)

41
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Summary

Worst-case input of a sorting algorithm

Divide-and-conquer sorting algorithms:
Merge sort and Quick sort

Running time analysis of sorting algorithms
Lower bound of comparison sort algorithms

When can we sort faster than O(n log n)?
Please read Chapters 2.3, 7, 8.1, 8.2 in the textbook



