AMA4850 Final Exam Review

ZHANG, Shijun

March 24, 2026

The summary may be updated later.

The final exam will take place on Friday, May 8, from 12:30 PM to 2:30 PM, in SH2 (Main
Hall of Kwong On Jubilee Sports Centre, Communal Building). Please make sure to arrive on
time.

This is an open-book exam, allowing all printed materials. However, electronic devices are
not permitted, except for a basic calculator.

Given the space constraints, the following review summary focuses only on the core topics. While
exam questions will be based on these key topics, they may also include related concepts. Please
ensure a comprehensive review.

All starred sections (%) are particularly important and should be reviewed carefully.
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1 Key Topics Covered

1.1 *Convexity Analysis of a Function

Students need to determine whether a given function is convex.

Review Focus:

— Computing Hessian matrices to verify convexity.

— Applying matrix norm and composition rules in convexity analysis.

1.2 *Linear Programming (LP) Duality

Students should be able to formulate the dual of a given linear program.

Review Focus:

— Understanding the process of constructing the dual from the primal problem.

— Verifying strong duality and ensuring consistency between the primal and dual solutions.

1.3 *Semidefinite Programming (SDP) Duality

Students need to formulate the dual of a given SDP problem.

Review Focus:

— Understanding how to derive dual constraints.

— Applying primal-dual relationships and verifying strong duality.

1.4 *Reformulating a Complex Optimization Problem as an SDP

Review Focus:

— Converting problems into SDP form.

— Using matrix inequalities to handle nonlinear constraints.

Students should be able to rewrite inequalities in terms of positive semidefinite matrices.



1.5 *Finding Stationary Points and Classifying Their Nature

Students need to find all stationary points of given functions and determine their nature (local
minima, maxima, or saddle points).

Review Focus:
— Computing gradient and Hessian matrices.

— Using second-order conditions to classify stationary points.

Let f: R™ — R be a differentiable function. A point x* is a saddle point if:
o Vf(x*) =0 (ie., the gradient at * is zero),

e x*is not a local minimum or maximum, meaning that in some directions f(x) increases while
in others it decreases.

1.6 *Convergence of the Steepest Descent Method

Students should understand the behavior of the steepest descent method when applied to smooth
functions, and be able to justify convergence to stationary points under fixed step sizes.

Review Focus: Arguing convergence under a constant stepsize without assuming exact line
search.

1.7 *Quasi-Newton Methods

Students should be familiar with the update mechanism and iterative procedure of Quasi-Newton
Methods (like BFGS) in solving unconstrained optimization problems.

Review Focus: Executing multiple iterations of Quasi-Newton Methods.

1.8 *Karush-Kuhn-Tucker (KKT) Conditions

Students should be able to formulate and interpret the KKT conditions for constrained optimization
problems.

Review Focus:

— Writing down first-order necessary conditions for optimality.
— Understanding the role of Lagrange multipliers.

— Knowing when KKT conditions are necessary and/or sufficient.

— Recognizing constraint qualifications such as MFCQ and Slater’s condition.

1.9 *Penalty and Barrier Methods

Students should understand how to handle constraints by reformulating them into unconstrained
problems using penalty or barrier terms.

Review Focus:
— Formulating quadratic penalty functions and understanding their effect on solution accuracy.
— Applying logarithmic barrier methods for inequality constraints.

— Understanding the behavior as penalty/barrier parameters change.



2 General Mathematical Notations Used

2.1 Sets and Spaces

e N: the set of natural numbers (either {1,2,3,---} or {0,1,2,---} depending on the context). In
this course, we define N = {0,1,2,---} and use N* =N, = {1,2,---} to denote the set of positive
natural numbers.

e 7: Set of integers, {---,—-2,-1,0,1,2,---}

o (Q: Set of rational numbers

e R: Set of real numbers

e R.: Set of nonnegative real numbers, [0, c0)

e R.;: Set of positive real numbers, (0, c0)

e R™: n-dimensional real vector space

e S™: Set of n X n symmetric matrices

e St: Set of n x n symmetric positive semidefinite matrices

o A C B: Set A is a subset of set B

e C*(Q): Space of functions whose (partial) derivatives up to order k exist and are continuous on §2

e C(02) = C°): Space of continuous functions on the domain w

2.2 Vectors and Matrices

x1
e x=(x1, - ,2,) = [r1,---, 2] = | : |: A column vector
In
aii o Gip
o A= (aijhicicm1<j<n = (Gij)i<icma<j<n = | ¢ -1 | € R™ Anm X n matrix
am,1 " Qmmn

e Oor0,, 1or1,: Zero vector, all-ones vector

e AT: Transpose of matrix A

e A=l Inverse of matrix A (if it exists)

e I, (or simply I when the dimension is clear): the n x n identity matrix
e rank(A): Rank of matrix A

e Tr(A) (or trA): Trace of matrix A

e det(A): Determinant of matrix A

¢ Anin(A), Anax(A): Minimum/maximum eigenvalue of matrix A
e A = 0: Matrix A is positive semidefinite

e A > 0: Matrix A is positive definite

e A< B (or B» A): Matrix inequality, i.e., B— A > 0

¢ A< B (or B >~ A): Matrix inequality, i.e., B— A >0

2.3 Functions and Derivatives

e f:R" — R: A real-valued function on R"

e Vf(x): Gradient of f at «

o V2f(
(

x): Hessian matrix of f at «

e dom(f): Domain of function f



epi(f): Epigraph of function f

(x,y) = "y = y x: Inner product of vectors & and y in R

2.4 Optimization Notation

ming f(x) (or Minimize, f(x)): Minimize the function f(x)
maxy, f(x) (or Maximizeg f(x)): Maximize the function f(x)
arg ming f(x): Value(s) of & that minimize f(x)

argmaxy f(x): Value(s) of  that maximize f(x)

2.5 Logic and Symbols

V: “For all”
d: “There exists”
=: Implies

< If and only if

3 Important Formulas and Results

3.1 Vector norms

Definition: A function || - || : R” — R is called a (vector) norm if:
e |lz|| >0 for all x € R™.

e ||| =0 if and only if = 0.

o |lax| = |a| - ||z|| for any a € R and & € R™.

o |lz+yll <] + |yl for any z,y € R™.

Unit circles

1.0

The following are some commonly used norms: 05417
— 1-Norm

x 0 norm: ||z||; = Y00 |l

0.0 — 2N
x 02 norm: ||z||2 = /Doy w2 - 3Nom
—— =-Norm

* 0% norm: ||| = maxi<i<y |4l —0.51

1.5-Norm

—1.01

-1.0 -05 0.0
Vo e R".

Vo e R".

[]loe < [lzll2 < V|2 oo,

lzllz < [lzlly < Vallzl2,

2™ —x*||l, 50 ask—o00 <« |a® —2* -0 ask—

3.2 Matrix norms

Definition: A function || - || : R™*"™ — R is called a matrix norm if:

e [[A|| >0 for all A € R™*".
e ||A]| =0 if and only if A = 0.

0.5

1.0



o |[aAl| = ||| Al for any o € R and A € R™*™.
e |[A+ B|| <|A| + ||B|| for any A, B € R™*™.

Let || - || be a vector norm. Then
A
IA] = max [|Az| = max 1A2]
el =1 220 ||
defines a matrix norm | - || : R™*™ — R. Such a matrix norm is said to be induced by the vector
norm || - ||. Moreover, we have

|Az| < |A| - ||z forall A€ R™" and z e R™.

and
|ABJ| < ||A|l - ||B]] forall A€ R™"™ and B € R™<F,

Examples of induced norms for A € R™*":

e Induced by ¢! norm (maximum of the ¢! norms of columns):

m

[Ally = max [|Az|; = m;ixz i,
i=1

[2fl1=1

e Induced by #2 norm (Square root of maximum eigenvalue of AT A):
||A||2 = Hnﬁaxl ||A£BH2 =/ /\ma‘x(ATA)-
z||o=

Remark:

lAll2 = /Amax(ATA) = \/ A (AAT) = | ATl
e Induced by £*° norm (maximum of the /! norms of rows):

n

|Allcc = max HA:):Hoozmaxg ;.
1 i
iz

2lloo=

3.3 Compactness and Existence of minimizers

Definition: A set {2 C R" is said to be closed if it contains all the limits of convergent sequences
of points in €.

Definition: A set X is said to be compact if every open cover of X has a finite subcover. That
is, if {Ua}aea is a collection of open sets such that: X C (J,c4 Ua, then there exists a finite
subset {Ua,,Uay, - -+, Uq, } such that: X C U7, U,,.

X € R™ is closed and bounded = X € R™ is compact.

Theorem (Existence of minimizers): Let 2 C R” be a nonempty compact set and let f
be continuous on ). Then f achieves its infimum value over €2, i.e., there exists £* € €2 so that

f(x®) =inf{f(x) : x € Q}.




Theorem (Bolzano-Weierstrass): Each infinite bounded sequence in R™ has a convergent
subsequence.

3.4 Positive (semi)definite matrices

Definition (Positive semidefinite matrices): Let A € R"™" be symmetric. We say that A
is positive semidefinite (denoted by A > 0) if

' Az >0 for all z € R™.

Theorem : Let A € R"™"™ be symmetric. The following statements are equivalent:

e All eigenvalues of A are nonnegative.
e There exists M € R™*" so that A = M T M.

e A is positive semidefinite.

Definition (Positive definite matrices): A symmetric matrix A € R"*" is called positive
definite (denoted by A > 0) if

z' Az >0 forall z € R"\ {0}.

A0 and det(A)#0 = A>~0.

Note: Let A > 0, then:

All diagonal entries are positive.

Al 0.

Amin(A) = inf{xT Az : ||z|2 = 1}.

||AH2 = )‘max(A) = [Amin(A_l)]_l.

Theorem: Let A € R™"™ be symmetric. The following statements are equivalent:

o All eigenvalues of A are positive.
e There exists an invertible matrix M € R™*" so that A = M T M.

e A is positive definite.

3.4.1 *Diagonal dominance

A square matrix A € R™"*"™ is called strictly row diagonally dominant if

n
jaiil > ) lai,
j=1

JFi

9

i.e., the diagonal entry is larger than the (absolute) sum of all other entries in that row. If the
inequality is >, then it is called (weakly) row diagonally dominant.



Theorem: Suppose A = (a;;) € R"*" is symmetric and strictly row diagonally dominant, and
a;; > 0fori=1,2,---,n. Then all eigenvalues of A is positive and hence A is positive definite.

Theorem: Suppose A = (a;;) € R"*" is symmetric and (weakly) row diagonally dominant,
and a;; > 0 for ¢ =1,2,---,n. Then all eigenvalues of A is non-negative and hence A is positive
semidefinite.

The matrix
2+6 -1 0

A=| -1 244§ -1
0 -1 2456

is strictly row diagonally dominant for any & > 0 and is therefore positive definite. Matrices of this
form arise often when partial differential equations.

Note that it is positive definite when § = 0, but the diagonal dominance theorem only tells us
that A >0, not A > 0 since 2 —| —1| — | — 1] = 0.

3.4.2 *Sylvester’s criterion

Theorem: Suppose A € R™*"™ is symmetric, then the following statements are equivalent:
(i) A is positive definite.
(ii) All the eigenvalues of A are positive.

(iii) Sylvester’s criterion: For 1 < k < n, det(Ay) > 0 for all the principal minor submatrix
Ay (the k by k submatrix starting from the (1,1) entry down to the (k, k) entry).

The matrix

1 -2 0
A=|-2 5 0
0 0 8
is positive definite since 1 > 0,
1 _9 1 -2 0
det[_2 5]—1>0 and det |—-2 5 0 =8>0.
0 0 8

3.5 Taylor’s theorem

Theorem (Taylor’s theorem in 1D with remainder tern): Suppose that f is (n+1) times
differentiable on an open interval containing [a,b]. Then

f"(a) ™ (a)

2! n!

f(n+1) (f) (b _ a)n+1

(b—a)*+-- + (n+1)!

f) = f(a) + f'(a)(b—a) +

(b—a)" +

for some ¢ € (a,b).

Theorem (Taylor’s theorem in R"” with remainder term):

e Let f € CY(R"), z and y € R™. Then there exists & € {(1 — s)x + sy : s € (0,1)} such that

fy) = f@)+ [V (y — z).




e Let f € C?>(R"),  and y € R". Then there exists & € {(1 — s)x + sy : s € (0,1)} such that

F(y) = F(@) + V@]~ 2) + 5y~ 2) V@) - ).

3.6 Projection and Separation theorem

Theorem: Let C C R” be a nonempty closed convex set and y € R"™. Then there exists a
unique solution to the following optimization problem:

1
Minimize 5”:13 —y||3 subject to x € C. (1)

The unique solution of (1) is called the projection of y onto C, denoted by Po(y).

Theorem (Projection Inequality): Let C' C R"™ be a nonempty closed convex set, y € R,
and u € C. Then

(v-Pe@) ' (w—Pe(w) <0,

Theorem (Separation theorem): Let C' C R" be a nonempty closed convex set and
y € R"\ C. Then there exists v € R” \ {0} and o € R such that

viy>a>vlu

for all u € C.

T

{x:v'x=a}




3.7 *Characterization of Convexity

Theorem (First-Order Characterization): Suppose that f € C1(Q2) with @ C R" being
open and convex. Then f is convex if and only if

fy)> f(x)+ [Vf(@)] (y —x) forall x,ycQ.

—————— (. f(x)

Theorem (Second-Order Characterization): Suppose that f € C?(Q2) with Q@ C R" being
open and convex. Then f is convex if and only if V2f(z) = 0 for all x € Q.

Remark: If f is convex on a convex set  and continuous on ), then f is convex on €. For
example, f(z) = z° with s > 1 is convex on (0, 00) since f”(z) = s(s—1)x*"2 > 0, and it is continuous
on [0,00). Therefore, f is convex on [0, c0).

3.8 *Calculus of Convex Functions

Proposition: Let f : Q CR®" - R, g : Q C R®™ — R both be convex, A € Q C R™*P, and
a > 0. Then the following functions are convex:

e f+y; ° af;

e foA; e max{f, g}.

Proposition: Vector norms are convex.

Proposition: Suppose each component f; of f = (f1,---, fx) : 2 C R* — R¥ is convex, and
g : R¥ — R is convex and nondecreasing in each argument. Then g o f is convex.

3.9 *Linear Programming (LP)

Primal LP: Dual LP:
Dual
Maximize c'x Minimize by
subject to Ax < b, x > 0 subject to ATy >¢, y>0
b=-c ¢=-bx=y g:—c,E:—b,m:y
Dual LP: Primal LP:
_ Dual
Minimize by Maximize ¢'
subject to —Ay > ¢,y >0 subject to — ATz <b, >0

10



Table 1: Primal and Dual LP Problems

Primal Dual

Maximize ¢'x subject to Az < b,z > 0 | Minimize b'y subject to ATy > ¢,y >0

Maximize ¢ subject to Ax < b Minimize by subject to ATy =c,y >0

Maximize ¢ subject to Az = b,z > 0 | Minimize by subject to ATy > ¢

Primal LP: Dual LP:
Dual
Maximize ¢z Minimize by
subject to Ax =b, € >0 subject to ATy > ¢
b=-c ¢c=b x=—y b=-c,¢=b x=—y
Dual LP: Primal LP:
~ Dual
Minimize by Maximize ¢'x B
subject to Ay =¢, y >0 subject to ATx < b

Weak Duality: Let v, be the optimal value of the primal LP and vy be the optimal value of
the dual LP. Then, we have

v, = sup{c'x : Ax = b} = supinf{c'x — y'(Ax — b) : Az = b}
x>0 x>0 Y

=supinf{b'y +2"(c— ATy): Az = b}
>0 Y

<supinf{b'y+ax'(c—ATy): Az =b, c< ATy}
>0 Y

<infsup{b'y+ax'(c— ATy): Az =b, c< ATy}
Y x>0

<infsup{b'y+aT(c— ATy):c< ATy}
Y x>0

=inf{b'y:c< ATy} = v,
Y

Theorem (Strong Duality): Let A € R™*", b € R™ and ¢ € R". Consider
v, :=sup{c'z: Az =b,x >0}, vg:=inf{b'y:c< ATy}

Suppose that either
e there exists £ > 0 with AZ = b; or
e there exists ¥ with ¢ < ATYy.

Then v, = vq and both optimal values are attained when finite.

Note: The strong duality theorem implies that if either v, or vg is finite, then v, = v4 € R, and
both optimal solutions are attained.

11



Remarks on Duality: Let
- T... _ o § T, . T
vp:=sup{c & : Ax =b,x > 0}, vg:=inf{b'y:c<A'y}.

Based on weak and strong duality, the values of v, and vy fall into one of the following four cases:

(a) vp =vgq € R (both finite and attainable).
(b) v, = vg = —oo (primal infeasible and dual unbounded).
(c) vp =vq = oo (primal unbounded and dual infeasible).

(d) vp = —00 < vg = oo (both infeasible).

3.10 *Semidefinite Programming

A semidefinite programming (SDP) problem has the following standard form:

Minimize tr(CX)
XeSn

subject to  tr(A; X)=1b;, i=1,---,m,
X =0,
Here:

e S"={M c R"™": M" = M} is the space of all real symmetric matrices.
e For any Y € R"*", the trace of Y is given by tr(Y) := > | v;,.
e C and A; are given real symmetric matrices.

Theorem (Strong Duality for SDPs): Consider the following primal-dual SDP pairs:

Primal:
)I{Hiél tr(CX) subject to tr(A;X)=0b;, t=1,---,m, X »0.
e n
Dual:

m
max b' subject to C — A; = 0.
max bly  subj ;yz =

Here, C € S" and A; € S™ for all 7. Let v, and vg denote their optimal values, respectively.
Then the following statements hold:

(a) If there exists X > 0 such that tr(A; X ) = b; for all ¢, then v, = vy and vq is attained when
finite.

(b) If there exists y € R™ such that C — ;" | y; A; = 0, then v, = vg and v, is attained when
finite.

In the Strong Duality Theorem, the inequality v, > v4 holds universally, without any assumptions.
This is known as weak duality.

Note: In the Strong Duality Theorem for SDPs, a positive definite condition is required, which

is stricter than the original positive semidefinite constraint. Thus, the Strong Duality Theorem
for SDPs does not exhibit as favorable properties as its the one for LPs.
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3.11 Quadratic form

Note: Let e; € R™ be a vector whose ¢-th entry is 1, with all other entries being 0. Then
eie}- € R™ " is a matrix with (7, j)-entry being 1 and all other entries being 0. Thus, a matrix

A = (a;;) can be expressed as
n n
-
A= E E ameiej.

i=1 j=1

Let A = (a;;) € S", ¢ = (z1,---,z,) € R"”, Then

n n n n n n
T T T T T
r Ar =x E E aijee; | &= E g ai ;T eje;xr = E E a; jT;%;

=1 j=1 =1 j=1 =1 j=1
n n n n n n n
2
= E E Q; jTiT5 + E E Q; jT;T5 + E E Q3 jT;T5 = E Qi ;T; + E 2ai’jxixj.
i=1 j=1 i=1 j=1 i=1 j=1 i=1 i<j
=7 1<j 1>]

3.12 *Schur Complement

The following result is crucial in reformulating problems into SDPs.

Theorem: Let A € S™ C €8S", B € R™"™ and A > 0. Then

A B T -1
— _ —
[BT C’] 0 < C-B A" B>0.
Note: We call C — BT A7!'B the Schur complement of A in [BT C]'

Special case (m =n =1) with a > 0:

[Z i]io = ac—-b0>0 c—b2/a20.

Lemma: Suppose a,c € R and b € R". Then

[aInl

BT IjiO — ac>b'b=|bl3 a>0, c>0.

Here, I,_; € RO=DX(=1) denotes the identity matrix.

3.13 Properties of Matrix Trace
e Linearity:
tr(A+ B) = tr(A) + tr(B), tr(cA) =ctr(A)
for any scalar ¢ and matrices A, B of the same size.

e Cyclic Property:
tr(AB) =tr(BA)

holds when AB and B A are defined.

13



For A € R™*"™ and B € R™™, we have

tr(AB) = Z AB);; = ZZ% i = ZZb i = Z (BA);; = tr(BA).
7=1

i=1 j=1 J=11=1
—_———
(AB);,; (BA);,;
Example 1:
cg O 0 T % *
Diag(c) 0 e , X = o

0 *

0 0 ¢, * * T

=1
cc 0 -+ O |z *x -+ c1xry x ee- *
. 0 ¢ . x Ty . X CoTo
Diag(c) X = =
. '.‘ ..‘ O . '.' '.‘ * *
0 o .. 0 cn * DR * xn * o .. * Cnajn

Let e; be a vector whose i-th entry is 1, with all other entries being 0.

Diag(c Z cie;e

n
(Dlag (Z cie;e; X) = Z ci - tr (eie;rX)
i=1
n n
= Zci - tr (eiTXeZ) = Zcimi =c'z.
i=1 i=1

Example 2: Suppose X € S" and let E;; be the symmetric matrix that is % at the (4,7) and
(j,1) entries, and is zero otherwise, i.e., E; j = %(e]e + e;e ) Then

Ti 5 = tl"(EiJX).

Proof. Clearly,
z;; = e Xej =tr(e] Xej) = tr(eje] X).

Similarly,
Tji = tr(eie]TX).

Thus,
1
(55,5 < 3550) = 3 (tr(ejeiTX) + tr(eie]TX))

1
= tr<2(ejez~T + eie]T)X> =tr(E;; X).

14



3.14 Unconstrained Optimization: Optimality conditions and gradient descent

Aim: Given f € C1(R"), solve

Minimize f(x)
TER”

3.14.1 *Minimizer and stationary point

Minimizer and stationary point:

e We say that * is a global minimizer of f if
f(x) > f(x*) VxeR"™
e We say that =* is a local minimizer of f if 3 € > 0 so that
f(x) > f(x*) VaxeR"with || —x%|2<e.

e We say that * is a stationary point of f if V f(x*) = 0.

Theorem (first-order Characterization): Let f € C'(R") and suppose that x* is a local
minimizer of f. Then V f(x*) = 0.

Remark: Local minimizers are stationary points for C' functions.

Theorem (second-order Characterization): Let f € C?(R").

(a) If x* is a local minimizer of f, then V2f(x*) = 0.

(b) If x* is a stationary point of f and V2f(x*) > 0, then x* is a local minimizer.

Remark:
e local minimizer = Vf(z*)=0 and V2f(z*) =0

e Vf(x*) =0 and V2f(z*) =0 == local minimizer

3.14.2 Steepest (gradient) descent with exact line search

Steepest descent with exact line search:
Start at (®) € R”. For each k =0,1,2,---:

* Set d®) = —V f(z*)).
* Pick oy so that:
aj; € arg min {f(a:(k) +ad®): o> 0}. (2)

* Set 2D = (%) 4 0, d®).

Note:
e d¥ is called search direction. In the above algorithm, d®) = —V f(x*)).

e «y is called step size. In the above algorithm, it is chosen according to the exact line search criterion
(Equation (2)).

e In steepest descent with exact line search, it is implicitly assumed that a minimizer oy, exists for
the exact line search subproblem (Equation (2)).
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o If oy exists and Vf(a:(k)) # 0, then we have:

f( ®) 4 ad®) = (d") TV f(@® ) = —[Vf(@®))TV f(a*D).

a=ay
New direction | old direction: Creating zigzag path!

e Exact line search can be hard to perform.

3.14.3 Armijo Rule and Descent Direction

In contrast to exact line search, usually inexact line search strategy is performed. One commonly
used rule is:

Armijo rule: Let o € (0,1), x € R” and d € R". Find a > 0 so that

flx+ad) < f(x)+ aan(a:)Td

Descent direction: A vector d is a descent direction for a function f(x) at « if there exists
a > 0 such that
fx+ad) < f(x) forall a € (0,q).

For a function f € C*(R™), if the condition

Vix)'d<0 = f(x+ad)< f(x) forsmall a> 0.

Examples: At an x that is not stationary,

e d=—Vf(x)is a descent direction,
Vi@)'d=Vf(x)'[-Vf(z)] = —[|Vf()|} <0.
e More generally, if D > 0, then d = —DV f(x) is a descent direction,
Vi@)'d=Vf(x)[-DVf(z)] = -Vf(z)' DVf(x) <0
Theorem (Armijo rule): Let f € C1(R"), z € R", and d € R" be a descent direction at =
Let o € (0,1). Then there exists a1 > 0 so that for all « € [0, 1],

f(@ +ad) < f(2) + a0V f(2)Td

3.14.4 Armijo line search by backtracking

Armijo line search by backtracking: Fix o € (0,1) and 8 € (0,1). Given « € R", d € R"
and a > 0.
Find the smallest nonnegative integer j = jg so that

fl@+ap’d) < f(x)+ap oV f(z)'d. (3)

The stepsize generated is then aj3%°.

e If d is a descent direction, then (3) is satisfied for all sufficiently large j.

e In practice, (3) is tested for j = 0,1,2,--- successively. This is called backtracking because the
stepsize a8’ decreases with each step.
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e The choice of @ is crucial for the efficiency of such a scheme.

Theorem (Convergence under Armijo Rule): Let f € C'(R") with inf f > —co. Let
{@,} C R satisfy 0 < inf;, @ < sup, @ < oo, and fix o € (0,1) and 8 € (0,1). Suppose {z¥}
is generated as

2® D) — £*®) 1 o, d®)

where

o d¥ .= —D,Vf (x(k)); here {D;} is a bounded sequence of positive definite matrices with
D;, — 61 = 0 for some § > 0;

o «y is generated via the Armijo line search by backtracking with # = ®, d = d® and
a = @y, and o and (8 defined above.

Then any accumulation point of {:Iz(k)} is a stationary point of f.

Remarks:
e x* is an accumulation point of {z(®)} if there exists a sub-sequence of {z(¥)} that converges to z*.
o If () is non-stationary, then d*) is a descent direction.

e The condition Dy — dI > 0 implies that for any y € R", we have
y"(Dy — 61y > 0.

Hence y' Dy > |y,

e o is chosen to be small so that (3) may be satisfied with a small number of backtracking steps: note
that each backtracking requires an evaluation of f(x + ad), which adds to the main computational
cost. A typical choice is o = 1074

e [ is typically %

e The choice of {ay} is crucial. Ideally, it should be chosen so that (3) may be satisfied with a small
number of backtracking steps. Possible choices are:

— @i = 1 for “Newton-like” directions.
— @ = max{u, min{¢, ax_1}}, where u and ¢ are positive.
— (projected, adaptive) Barzilai-Borwein stepsize.

e One can terminate when ||[Vf(z®)|s < tol - max{|f(x®))|,1}, i.e., when the gradient is small
relative to the function value.

3.14.5 *Steepest descent with constant stepsize

Theorem (Steepest descent with constant stepsize): Let f € C2(R") with inf f > —oo0. Suppose
that there exists L > 0 so that

L>||V%f(x)|2 for all z.
Fix any v € (0,2) and consider the sequence generated as

k1) — o) _ Dy (k)

(
r I

Then any accumulation point of {w(k)} is a stationary point of f.

e By letting v = aL, any stepsize o € (O, %) will work.

e Given L, the above algorithm can be written in one line.
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e The algorithm avoids costly line search, but it may be slow as the constant stepsize can be too
conservative, hindering progress.

A Chain Rule: Let h € C?(R™) and let A € R™*"™ and b € R™.
Define f(z) := h(Azx — b). Then f € C%(R") and

Vf(x) = ATVh(Az —b), V?f(x)= ATV?*h(Az —b)A.

In particular, if there exists L such that L > ||[V2h(y)]|2 for all y, then

IV2f(@)ll2 < | AT |2 V2h(Az — b)l|2]| All2
< LI AT[2l|Allz = LAnax(AT A).

Lemma: For any A € R™*",

||A||2 =V )‘maX(ATA) =V AmaX(AAT) = ||ATH2-

Proof sketch: The argument consists of two steps:

(a) Apply the spectral theorem to establish that

|All2 = 1/ Amax (AT A).

(b) Show that the nonzero eigenvalues of AT A and AAT are identical.

3.15 *Unconstrained Optimization: Quasi-Newton methods

Aim: Although the Newton direction —[V2f(z)]"'V f(x) is often a good descent direction, it
is costly to compute; thus, we use a more efficient approximation.

Idea: Let f € C?(R™). Given £*+1) and x*), we would expect
v2f(:13(k+1))(93(k+1) _ m(lc)) ~ vf(m(kJrl)) _ vf(m(k))

Notation:
s®) = g+ _ )y ®) .= (D) — v f(z®).
This motivates us to successively construct Byyi (resp., Hyy1) to approximate V2 f(x(*+1)
(resp., [V2f(xz*+D)]~1) so that
Bi1s™) = y®  (vesp., Hyiy™ = s,

We refer to these equations as secant equations.

Popular Update Formulas:

Initialize By (or Hy) at a positive definite matrix.
e Symmetric Rank 1 (SR1) method:

(¥ — Bis®)(y®) — Bys®)T

By = By + (y®) — Bysk))Ts(k)
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(s — Higy®)(s®) — Fpgy®)T
(s(k) = Hky(k))-ry(k)

Hy, = Hy +

e Davidon—Fletcher—Powell (DFP) formula:

)T o/ BT k)

®s®T  Hoay®y® T EH
Hk+1:Hk+S i - k’yT’y k
y(k) s(k) y(k) Hky(k)
e Broyden-Fletcher—Goldfarb—Shanno (BFGS) algorithm:

y®)y®T - Bs®s® B,

By = By, +
TR 0Ts®) g0 T Bk

5®)

(k) g(k) T (k) (k)T (k) ()T
Byt =(1- v \B|1-2Y +Y 1T1
) y®) T (k)

Remark:

e DFP and BFGS are rank-2 updates, while SR1 is a rank-1 update.

e In practice, BFGS usually performs better.

Quasi-Newton Method based on By, (or Hy) for f € C1(R"):
e Initialize at (®) € R” and By = 0 (or Hy > 0).
e For k=0,1,2,---

(a) Find d® via Brd® = -V f(x®) or d® = — H,V f(x®).

3.16 Constrained Optimization: KKT conditions

Problem settings (Constrained Optimization):

inimize f(x)

k)T (k) g(k) T (k) g(k) T
Hjy = I—+ H, r-Y i 42 i
y®) T (k) y® T gk) y®) T g(k)

e Since By and H were symmetric to start with, by induction, all By and Hy are symmetric.

(b) Update *+D = z*) 1 d*)_ Or, more generally, z*+1) = 2*) 4, d*) for some ay, > 0.
(c) Set y*) =V f(x*+D) — Vf(x®) and s = £*+1) — 2*) Compute By or Hy ;.

subject to hj(x) =0, jeJ={1,---,p}, (4)
gl(w)§07 1612{177m}
Here:
e f, hjand g; are all C! functions.
e Aim: Find conditions to help characterize local minimizers!
Definition: We say that * is a of (4) if «* is feasible and 3e > 0 so that

f(x) > f(x*) whenever z is feasible and ||z — x*||2 < €.
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3.16.1 *KKT conditions

KKT conditions: Consider (4). A point € R" is said to satisfy the KKT conditions if there
exist A € R™, p € R? such that

* (Primal feasibility) g;(x) <0 for all i € Z and hj(x) =0 for all j € J; and

* (Stationarity) Vf(x)+ > ez MiVgi(x) + 3 c7 #;Vhj(x) = 0; and

* (Dual feasibility) \; > 0 for all i € 7.
(

* (Complementary slackness) A;g;(x) =0 for all ¢ € Z.

The A and p are called Lagrange multipliers at x.
Definition (KKT point): A point « is called a KKT point (also known as a stationary point)

of problem (4) if there exist multipliers A € R™ and p € RP such that the KKT conditions are
satisfied.

3.16.2 *MFCQ

Definition (MFCQ): Consider the feasible set of (4) and let * be feasible. We say that the
Mangasarian-Fromovitz constraint qualification (MFCQ) holds at * if the following conditions
hold:

jeT i€Z(x*)
Ai=0 VieI(x).

> 1iVhi(@*)+ > AiVgi(z*) =0 . {ujzo Vied,
AN >0 VieI(z)

Remarks:
The MFCQ also admits an equivalent formulation; see, for example, this link.

If gi(x*) < 0 for all i € 7 so that Z(x*) = @, then MFCQ means {Vh;(x*) : j € J} is linearly
independent.

If 7 = @, then MFCQ means {Vg;(x*) : ¢ € Z(x*)} is positively independent.

Theorem: Consider (4) and let * be a local minimizer. Suppose that MFCQ holds at a*.
Then there exist A* € R" and p* € R? so that

o V(@) + > ez AVgi(x™) + 3 e 1;Vhj(x™) = 0; and
e A\ >0and \gi(x*) =0 for all ¢ € 7.

Remarks:

Under MFCQ), the approximating LP is “good” around x*. We hence look at the KKT of this LP.
If & is a local minimizer and if the MFC(Q holds at x*, then there exist A* € R™ and u* € R? so
that (x*, A", u*) satisfies the KKT conditions. That is,

local minimizer and MFCQ = KKT conditions (KKT point).
The first bullet point follows from the dual feasibility condition of the approximating LP, and by

defining \f = 0 for i ¢ Z(x*).
The second bullet point follows from the definition of Z(x*) and by defining A¥ = 0 for i ¢ Z(z*).
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3.16.3 *Slater’s condition

Theorem (MFCQ from Slater): Consider the set defined by
S:={xeR":g(x) <0 VieI},

where ¢; are convex C''. Suppose that there exists & satisfying

gi(®) <0 Viel

Then MFCQ holds at every point in S.

Remarks:
e The set S in the above theorem is closed and convex.

e The condition that “there exists & satisfying ¢;(Z) < 0 for all i € Z” is called the Slater’s condition.
The T is called a Slater point.

e One can indeed show that for the above S, the MFCQ holds at every point in S if and only if
Slater’s condition holds.

Theorem (MFCQ from generalized Slater): Consider the set defined by
S:={xeR":gi(x) <0 VieZ, Az = b},
where g; are convex C! and A € RPX". Suppose that there exists Z satisfying
Az =0b, ¢(T)<0 VieT,
and A has full row rank. Then MFCQ holds at every point in S.

Remarks:
e The set S in the above theorem is closed and convex.

e The condition that “there exists T satisfying ¢;(Z) < 0 for all i € Z, AT = b and A has full row
rank” is called the generalized Slater’s condition. The & is called a generalized Slater point.

e One can indeed show that for the above S, MFCQ holds at every point in S if and only if generalized
Slater’s condition holds.

3.16.4 Role of convexity

Consider the following special instance of (4)

inimize f(x)

subject to Ax = b, (5)
gi(x) <0, i€l
here f and g; are all convex C! functions, A € RPX™,
Theorem (Sufficiency under convexity): Consider (5). Suppose that there exist x* € R",
A" € R™ and pu* € RP so that
o Ax* =b and g;(z*) <0 for all i € Z; and
o Vf(@*)+ > ,cr A Vgi(z*) + ATp* = 0; and
e X' >0and \gj(x*) =0 forall i € Z.

Then z* is a global minimizer of (5).
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3.17 Constrained Optimization (Penalty/Barrier methods)

Problem settings:

Minimize f(x)
zeR™ (6)
subject to  g;(x) <0, i€Z={1,---,m}.

Here:

f and g; are all C! functions.
Assume that the feasible set {x : g;(z) <0 Vi€ Z} is not empty.

Two main classes:
« Penalty method (exterior type);
« Barrier method (interior type).

Can be generalized to include equality constraints.

3.17.1 *Penalty method

Add a penalty if we get outside of the feasible set.
If the penalty is sufficiently large, a minimizer is forced to be inside the feasible set.

Initial idea: Define

oo otherwise.

e < .
P(x) = {0 if gi(x) <0 VieZ,

Then we can consider the unconstrained problem:

;161%& f(x) + P(x).

Definition (Penalty functions): A function P : R” — R is a penalty function for the con-
straint set {x : g;(x) < 0Vie L} if

e P(x) >0 for all x € R"; and
e P(x) =0 if and only if g;(x) <0 for all ¢ € 7.

Examples:
P(x) = 3212 max{g;(x),0}.
P(CI}) = %Z:’;l rnax{gi(a:), 0}2. Courant-Beltrami penalty function: C* function

Idea: Solve m]iRn f(x) + cP(x) for some very large ¢ > 0. But...
TcR™

e How large should ¢ be?

e Can minimizers be found? (Existence? Just stationary points?)

Penalty method (basic version): Penalty method for (6): basic version Let (®) € R”, ¢ > 0
andn>1. Setcy=c. Fork=1,---,

e Find a global minimizer ) of
c

Ger(x) = fl@) + 5 D (max{gi(2),01)?,
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using £*~1) as the for the iterative method.

e Update cx41 = nck.

Remarks:

As ¢ increases, g, becomes more ill-conditioned. The choice of *~1) as a starting point for the
iterative method helps alleviate the ill-conditioning.

The above algorithm is only conceptual because finding global minimizers can be challenging if ¢,
is not convex. In general, only stationary points of g., can
be expected.

Theorem (Convergence of penalty method): Consider (6) and suppose that inf f > —oo.
Let {(®)} be generated by the penalty method (basic version). Then any accumulation point
x* of {£®} is a globally optimal solution of (6).

Proof sketch: Assume that {w(ki)} is a convergent subsequence with lim;_,o %)) = 2*.

Feasibility: Fix any feasible . Then for each k;, we have
inf f + CkiP(m(]ﬂi)) < Gey, () < Gey, () = f(),

where the second inequality comes from the fact (¥?) is a global minimizer. Here P is the Courant-
Beltrami penalty function.

Then
f(x) —inf f

Ck;

Hence, P(z*) = lim;_,o P(x(*)) = 0, showing that =* is feasible.

P(:l:(k")) <

Fix any feasible . Then for each k;, we have
F@®)) < f(@®) + e, P(@™)) = g, (2*)) < g, (@) = f(w),
where the second inequality comes from the fact (%) is a global minimizer. Then,

f(@*) = lim f(z*)) < f(=),

1—00

Since this is true for any feasible & and x* is feasible, we conclude that x* solves (6).

3.17.2 *Barrier method

Recall that

inimize f(x) -
subject to  g;(z) <0, i€Z.
Here:

f and g; are all C'! functions.

For barrier methods, we assume in addition that
S ={x:gi(x) <0 VicI}+o.
For simplicity, we focus on the case that all f and g; are convex.

In contrast to Penalty methods that are exterior methods, Barrier methods are interior methods:
every iterate stays within the feasible region.

One standard way is to make use of the log-barrier function:
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B(@) =~ In[-gi(@)].
i=1

Then one minimizes
fu(x) = f(x) + pB(x) for some p > 0.

X2

— X1 0.1 In(x)

—0.51In(x)

— In(x)

Barrier method for (7) (basic version) Let (¥ € S x> 0 and > 1. Set u; = p. For
k=1, -

e Find a minimizer (¥ of
fur(@) == f(@) — > In[—gi(a)],
i=1

using z*~1) as the for the iterative method.

o Update pg+1 = /7.

e Notice that pj is being decreased instead of being increased. Thus, at each x, we have

0 ifg; <0 Viel,
lim juBla) =40 o) <0V
k—o0 oo otherwise.

e In principle, one can still apply descent methods though the function B(x) is not defined on the
whole R™. This is because descent methods make sure f, value decreases; in particular, f,, will
remain finite, keeping x®) feasible.

e Unlike penalty function g, the function —In(-) is an analytic function on R, . Indeed, when
f.9: € C*(R™), one typically uses Newton’s method (or its variants) to minimize f,,.

e The above algorithm is only conceptual. In practice, u has to be decreased to avoid
getting too close to the boundary. Moreover, minimizers of f, may not exist.
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