Topic 6 - Partial Differential Equations

AMA3724 Further Mathematical Methods
Lecturer: Jianbo Cui [2024/25 Semester 1]

» Partial Differential Equations » Wave Equation
» Regular Sturm-Liouville Problem » Laplace Equation
» Fourier series > Fourier transform /

Inverse Fourier transform

» Heat Equation
» Black-Scholes Equation
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Partial Differential Equations

> A Partial Differential Equation (PDE) is an equation containing partial

derivatives of an unknown function of two or more independent variables.

» The order of a PDE is the order of the highest partial derivative in the
equation.

» A second order linear partial differential equation in two independent
variables x and y is an equation of the form
0*u 0*u 0*u ou ou
AZY B D E— + Fu =
922 * 88+082+ oz TEgy THu=G
where A = A(x,y), B = B(x,y), C = C(z,y), D = D(z,y),
E = E(z,y), F = F(x,y), nd G = G(x,y) are functions of = and y.

» |f G =0, the linear PDE is said to be homogeneous; otherwise it is
non-homogeneous.

hyperbolic if B> —4AC > 0,
> The PDE is called { parabolic if B> —4AC =0,
elliptic if B2 —4AC < 0.

P.2 /50
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Partial Differential Equations P.3 /50

» Heat Equation [conduction of heat flow]: u(z,t) : Temperature at
2 position z and
= ¢ taa time ¢
o _ Q 0]
» Wave Equation [vibration of a string]:
] K y
Utt = C Ugg =0 x =L

> Laplace Equation [electrostatic potential]:

Uz + Uyy = 0

» Example Initial Boundary Value Problem ‘ \/ \/ \/

(IBVP):
Ut = CUpa O<zx< L, 0<t
u(0,t) =0, u(L,t) =0 0<t [Boundary conditions|
u(z,0) = f(x) 0<z<L [Initial condition]
QR sy
Eigenvalue and eigenfunction P.4 /50
Given a real number \. Consider the following second order boundary value
problem.
dz—y+)\ =0 with y(0)=0and y(L)=0
T2t A= y(0) = y(L) = 0.
Case 1 A =0. Then
d’y dy
@_0 — %_ﬁ — y=pz+a

Next, y(0) = 0 and y(L) = 0 imply

a=20 a=0
BL+a=0 ~—~ | B=0"

Thus, the solution is y(x) = 0.
Case 2 \ < 0. Then The characteristic equation is

PAA=0 = p=+V-A = y=ae’ M4V
Next, y(0) = 0 and y(L) = 0 imply
e\/jLOé—i—e_mLﬁ:O /3:0
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Eigenvalue and eigenfunction P.5 /50

Case 3 A > 0. Then The characteristic equation is
pPHA=0 = p=+VM = y=acosVz+ BsinVAz.
Next, y(0) = 0 and y(L) = 0 imply

a=20 a=0
{ acos VAL + Bsin VAL =0 — { Bsin VAL =0 °

Notice that
nm

sinVAL =0 <= VAL=nr <= )\:T'

The solution is y(x) = 0 or y(x) = B sin ? for positive integer n. In
summary,

2 2
A=0 | A<0O A>Oand)\#(%) )\>0and)\:(%)

nwe
L

y(x) =0 | y(x) =0 y(x) =0 yn(x) = sin

2
nmw . . :
Here A = (_L > for some non-negative integer n, is called the eigenvalue of

the boundary value problem and y, (z) = sin ? is called the corresponding

eigenfunction.

Eigenvalue and eigenfunction P.6 /50

[1]:

[2]:

[2]:

[3]:

[3]:
[4]:

[4]:

[5]:

[5]:

from sympy import *
x,L,t,n = symbols('x L t n')
y = Function('y') (x)

y = Function('y') (x)
DE = Eq(y.diff(x,x) + t*y,0); DE

d2
ty(x) + Ey(x) =0

y = Function('y')
dsolve(DE,y(x),ics = {y(0):0,y(L):0})

y(z) =0
y = Function('y') (x)
t = (pi/L)#*x*2
DE = Eq(y.diff(x,x) + t*y,0); DE
2 2
o y(x)
—y(x) + =0
72 y(x) e

y = Function('y')
dsolve(DE,y(x),ics = {y(0):0,y(L):0})

imx _aimx
y(z) = C2e L — Cge L
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Eigenvalue and eigenfunction P.7 /50

Consider the same ODE with different boundary conditions.

2
% + Ay =0 with ¢ (0)=0andy'(L)=0.

Case 1 A\ = 0. The general solution is y = Bz + « and y'(z) = 8. Then
y'(0) =0 and y'(L) = 0 imply 8 = 0. Thus, the solution is y(x) = a.

Case 2 )\ < 0. The general solution is y = eV 4 Be_mm. Next,
y'(0) =0 and y'(L) = 0 imply
V=Aa—+-A\3=0 N a=0
\/—_Ae\/jLa—\/—_Ae_mL/B:O B=0"
Thus, the solution is y(x) = 0.

Case 3 A > 0. The general solution is y = a.cos V Az + Bsin v Az. Next,
vy’ (0) =0 and y'(L) = 0 imply

=0 B=0
—asin VAL + fcos VAL =0 — asinvVAL =0 °

Thus, the solution is y(z) = 0 or y(z) = a.cos ? for integer n.
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Eigenvalue and eigenfunction P.8 /50

In summary,

2 2
A=0 | A<0 >\>0and)\7é<m) A>0andA:<E)

L L
nmwx
yr)=a | y(x) =0 y(x) =0 yn(x) = cos 7
2
Here A= (22 for some non-negative integer n is the eigenvalue of the

L
boundary value problem

d2y . / /
@—i—)\yzo with 4 (0) =0 and y (L) =0,

and y,(z) = cos ? is called the corresponding eigenfunction.
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Eigenvalue and eigenfunction P.9 /50

[6]: DE = Eq(y.diff(x,x) + t*xy,0); DE

[6]:t()+ d? (@) = 0
@x —ylx) =
Yy deQ

[7]1: y = Function('y')
dsolve(DE,y(x),ics = {y(x).diff(x).subs(x,0):0,y(x).diff(x).subs(x,L):0})

[7]1: y(z) =0

[8]: y = Function('y') (x)
t =0
DE = Eq(y.diff(x,x) + t*y,0); DE

[8l: d2 () =0
2L (z) =
d:czy

[9]: y = Function('y')
dsolve(DE,y(x),ics = {y(x).diff(x).subs(x,0):0,y(x).diff(x).subs(x,L):0})

[9]: y(z) = C1

[10]: y = Function('y')(x)
® (pi/L)*%2
DE = Eq(y.diff(x,x) + t*y,0); DE

[101: d2 w2y (x)
—av@+ —5— =0

[11]: y = Function('y')
dsolve(DE,y(x),ics = {y(x).diff(x).subs(x,0):0,y(x).diff(x).subs(x,L):0})

[11]7: i i

" y(x) =Cge L +Cge L

Regular Sturm-Liouville Problem P.10 / 50

Given the boundary value problem
a1y(0) + azy’'(0) = 0,
Bry(L) + B2y’ (L) = 0.

where a1, ag, 81, B2 are constants and of + a3 > 0 and 82 4+ 53 > 0.

y'(z) +My(z) =0, 0<xz<L with

» The eigenvalues A1, A2, A3, ... of the above problem are real and can be
ordered such that

M <A< A3<--- and )\, — 00 asn — oo.

> For each eigenvalue \,, there is a non-trivial solution y,(x) which has
exactly n — 1 zeros in (0, L). These eigenfunctions y,(x) satisfy

L
/ Ym ()yn(x)dx =0 for all m # n.
0

> If f(x) and f'(x) are piecewise continuous on [0, L], then

- /  f@)yn(e) do

57 .
— 2
n=1 / Yn (:C ) dx
O THE HONG KONG
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Regular Sturm-Liouville Problem P11 / 50

For the Regular Sturm-Liouville Problem
ary(a) + azy'(a) =0,
Biy(b) + B2y’ (b) = 0.

where a1, aa, B1, B2 are constants and af + a3 > 0 and 87 + 33 > 0, p(z) > 0
and w(z) > 0 for all z € [a,b], and p(z), q(z), w(z), and p’(z) are continuous
function on [a, b].

(p(z)y) +q(x)y+ w(z)y =0, a<z<b with {

» The eigenvalues A1, A2, As, ... of the regular Sturm-Liouville Problem are
real and can be ordered such that

M <A< A3<--- and )\, — 00 asn — oo.

> For each eigenvalue \,, there is a non-trivial solution y,(x) which has
exactly n — 1 zeros in (a,b). These eigenfunctions y, (z) satisfy
b

Ym (2)yn(x)w(z)de =0 for all m # n.

T~

a

> If f(x) and f'(x) are piecewise continuous on |[a, b] then

f( )dw
1) =3 apnl@) = o= Ju |
n:1 fa yn QQA 1HJ‘;{,:'I'III"(L\H\II§ U\”\ ERSITY
Regular Sturm-Liouville Problem P12 / 50

» The boundary value problem
y"(z) + A\y(x) =0 with y(0)=0and y(L)=0

has eigenvalues \,, and eigenfunctions y, (z) with

2
)\n:<7}/—7r) and yn()—sm? n=20,1,2,3,....

» The boundary value problem
y"(z) + Ay(x) =0 with %'(0)=0and 3 (L) =0

has eigenvalues \,, and eigenfunctions y, (z) with

2
)\n:<%> and yn(:c):cos? n=20,1,2,3,....

» The boundary value problem
y'(x) + My(x) =0 with y(L) =y(-L) and y'(L) = y'(-L)
has eigenvalues \,, and eigenfunctions y, (z) with

2
)\n:(%) and yn(fﬁ):anCOS?‘i_bnSin? n=0,1,23,....




Regular Sturm-Liouville Problem .13 / 50

» When y,(x) = sin nrr
L
L b omrz | nmw
/ Ym (T)yn (x) do = / sin sin dr =0 whenever m # n.
0 0 L L
» When y,(x) = cos nzx

L L
/ Ym () yn(z) do = / cos % cos T gz =0 whenever m £ n.
0 0 L L

» Furthermore, when m # n,

L
. MmTT . NTT
sin sin dr = 0 whenever m # n,
. L L

L
/_ €OS —— Cos — dex = 0 whenever m # n,

L
. mmx nmwx
/ sin cos dr = 0 whenever m # n.

Fourier cosine / sine series P.14 / 50

Fourier cosine / sine series
Suppose f and f’ are piecewise continuous on the interval [0, L].

1. The Fourier cosine series of f is

f(x) = C;—O +Zancos% for all z € [0, L],

n=1
where

2

L L
2/ nwT
ap = — f(x)dz and an:—/ f(x)cos —dx, n >1.
L/, L/, L

2. The Fourier sine series of f is

f(z) = an sin % for all x € [0, L],
n=1

where




Fourier series P.15 / 50

Fourier series
Suppose f and f’ are piecewise continuous on the interval [~ L, L]. Then f has
a Fourier series expansion

f(x) = % + Z <an cos nzx + by, sin ?) :

n=1
where 1 [*
do = 7 , f(z) da;
1 [* nmT
an = 7 f(a;) cos — dr, n>1;
b, = / f(x)sin w dr, n>1.

Here ao, an, and b, are called the Fourier coefficients of f(x).

THE HONG

; KONG
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Separation of Variables P.16 / 50

Example 6.1 Solve the following Initial Boundary Value Problem (IBVP):

Ut = Uy O<xz<L,0<t
u(0,t) =0, u(L,t)=0 0<t [(Dirichlet) Boundary conditions]
u(z,0) = f(x) 0<z<L [Initial condition]

Solution. Assume a particular solution has the form
u(x,t) = X(x)T(¢t).
Then
X(2)T'(t) = us = Ctige = X" (2)T(1).
Thus,
T'(t)  X"(x)
2T() X(x)
where A is some constant. Also

u(0,t) =0 and u(L,t) =0 t>0

= )\,

—  X(0)T(t) =0 and X(L)T(t) =0 ¢t >0

= X(O) = O and X(L) - 0 QAFHIF‘:I'I'IIQH\E( tj)(\mrk SITY




Separation of Variables .17 / 50

It follows that
T'(t) = —A\*T(t)
X"(x) + XX (x) =0 with X(0) =0and X(L)=0

The second equation is a boundary value problem with eigenvalue
nm\ 2 _ _ . n{T
An = (—) and eigenfunction X, (z) = sin —.
L L
Next, for the first equation T"(¢) = —)\nCQT(t), which is a separable ODE, the
corresponding solution is

Tn(t) =b, —>\nc2t _ bne_(ngc)2t7
and hence
nimc 2
un(x,t) = Xp(2)Th(t) = bne_( )" sin ? n=20,1,2,3,...

By the principle of superposition, the general solution is

(e.e)
_(nmc . nmx n . nmx
= g bne <L) sm— E bne £°) tsin ——
L
n=0 THE HONG

KONG
anl JLYTECHNIC UNIVERSITY
T kB TOR A

Separation of Variables P.15 / 50

Finally, by the initial condition u(x,0) = f(x),
f(x) = u(x,0) ansmm / f(x sinwda:

due to the result of Fourier Sine Series. Therefore, the solution of the IBVP is

'I’LTI'C2
u(x,t) Zbe o)) SlnTx with b, = — /f sin@d:p

THE HONG KONG
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Heat Equation P19 / 50

Example 6.2 Solve the following Initial Boundary Value Problem (IBVP):

Ut = SUgy O<ax<2m, 0<t
u(0,t) =0, u(2m,t) =0 0<t [Boundary conditions]
u(x,0) = sin 3z 0<z<2nm [Initial condition]

Solution. Assume a particular solution has the form
u(z,t) = X(x)T(t).
Then
'1t) _ X"(x)

ST~ X(x)

and hence
T'(t) = —8\T'(t),
X"(x) + XX (x) =0 with X(0) =0 and X(27) = 0.

2
The eigenvalue of the second equation is A\,, = (g) with eigenfunction

nx
X')’L (x> - Sln 7 QQAL((L‘;’TII"(/”\H( U\”\TR ITY
Heat Equation P.20 / 50

Next, the first equation becomes
T'(t) = —20°T(t) = Th(t) = bne > "

By the principle of superposition, the general solution is

u(x,t):i Zb e 81n7
n=1

In particular,

sin 3x = u(x, 0) Zb Sln

THE HONG KONG
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Heat Equation .21 / 50

By Fourier sine series expansion,

b, = —/ sm3xsm—da:

1 [ 2 . [(n+6) 2 ((n-6z\]"
B _%[n—I—Gsm( 2 >_n—68m(T>]O ifn 76

- 27
_ L 2 sin (nt6z) x ifn==6
2r |In+6 2 0
0 ifn#6
1 ifn=
So the solution of IBVP is
u(z,t) = e~ " sin 3.
QQAL( Z“t{”'l'll"(/”\ﬂ( U\”\ ERSITY
Heat Equation P.22 / 50
Example 6.3 Solve the following Initial Boundary Value Problem (IBVP):
Ut = gy O<z<L, 0<t
uz(0,t) =0, ug(L,t) =0 0<t [(Neumann) Boundary conditions]
u(z,0) = f(z) 0<z<L [Initial condition]

Solution. Assume a particular solution has the form
u(x,t) = X(x)T(t).

Then
T X))
c2T(t) X(z) 77
and hence
T'(t) = —c2\T(t),
X"(z) + AX(x) =0 with X'(0) =0 and X'(L) = 0.
: - nmt\? . :
The eigenvalue of the second equation is A\, = (T) with eigenfunction
Xn(x) = cos T Also the general solution of the first equation is

L

THE HONG KONG
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Heat Equation P.23 / 50
Then
nwmc 2
un(x,t) = Xp(z)Th(t) = ane_( )" cos ? n=20,1,2,3,...
By the principle of superposition, the general solution is
_(nmc nmx
u(x,t) = ao + Zane ("£9)* cos -
Finally, by the initial condition u(x,0) = f(z) and the Fourier cosine series
expansion,
‘/f
= ap + Z an cos e
/ f(x) cos —da:
Therefore, the solution of the IBVP is
- _(m)Qt nmI ) Z/
u(z,t) = ao —|—Z ane \ L cos —  with
= L z ) cos mr:cd
L
Heat Equation P.24 / 50

Example 6.4 Solve the following Initial Boundary Value Problem (IBVP):

Ut = CC Uy —L<z< L, 0<t
u(L,t) =u(—L,t), ug(L,t) = uz(—L,t)

u(z,0) = f(x)

0 < t [(Periodic) Boundary conditions]

—L<z<L [Initial condition]

Solution. Assume a particular solution has the form
u(z,t) = X(x)T(t).

Then

T X'@)

2Tt X(z) 77

and hence

{T’(t) = —A\T(t),

X"(z) + AX(z) =0 with X(L) = X(—L) and X'(L) = X'(—L).

The eigenvalue of the second equation is A\, = (mr

2
7 > with eigenfunction

nmx nmtxr
Xn(x) = Gn COS T + b Sln L - THE HONG KONG
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Heat Equation

P.25 / 50
Also the general solution of the first equation is
nmwc 2
Tn(t) = k;ne_A"cQt = k;ne_( )t
By the principle of superposition, the general solution is
> 2
u(z,t) = ao +Ze_( £e)"e <an008$ + by sin%) :
n=1
Finally, by the initial condition u(x,0) = f(z) and the Fourier series expansion,
¢ 1 [r
a0 = o » f(x)dx
nmT nmwx 1 [F nmwT
flx) = aﬁ—zl ay, COS T—l—bn sinT = Qap= 7 /_L f(x) cos Tdaz
1 [F n
by, = —/ f(z)sin ——dx
\ Ly

KON
] I‘rTF(H\H U\II\TR ITY
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Wave Equation

P.26 / 50
Example 6.5 Solve the following Initial Boundary Value Problem (IBVP):

Utt = CUgy O<zxz< L, 0<t

u(0,t) =0, u(L,t) =0 0<t
u(x,0) = f(z), us(2,0) = g(x) 0<z<L

[Boundary conditions]
[Initial conditions]
Solution. Assume a particular solution has the form
u(z,t) = X(x)T(t).
Then

T//(t) _ X”(m) _
2T(t)  X(x) ’

and hence

{T”(t) + ENT(t) = 0,

X"(x)+ AX(x) =0 with X(0) =0 and X (L) =0.

nmwx L
Xn = —_—.
(z) = sin 7

2
n
The eigenvalue of the second equation is A\,, = ( W) with eigenfunction

THE HONG KONG
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Wave Equation p.27 / 50

Consider the first DE
2
T () + ¢ (”%) T(t) = 0.
The roots of characteristics equation p? + ( ) = 0 are p = £73%i. Thus,
the general solution is
nmct

L
By the principle of superposition, the general solution is

{
Tn(t) = an cos nre + b,, sin

o0

t t
u(z, t) = Z a, COS m;c sin nzx + b,, sin m;c sin nzx

n=0
Actually, n = 0 is redundant. Now by the initial conditions,

f(z) = u(x,0) = Zl an sin ? and  g(z) = u(z,0) = Zl ?bn sin n_zx
Therefore, for n > 1, I
an = 2 f(x)sin UL
n - L o L )
b, = 2 ) (x) sin T
" o nﬂ'C 0 g L ) QALZHD:T[II&(L\H\H( U\n\ ERSITY
Wave Equation .28 / 50

Example 6.6 Solve the following Initial Boundary Value Problem (IBVP):

Uttt — Ugx O<.’B<1,0<t
u(0,t) =0, u(l,t) =0 0<t [Boundary conditions]
u(z,0) = f(z), u(z,0) =0 0<x<1 [Initial conditions]

T O<a:§2,

where f(z) = {

Solution. Assume a particular solution has the form
u(x,t) = X(x)T(t).

Then
T// (t) B X// (x)

Tt  X(x)

= ),
and hence
T"(t) + AT(t) = 0,
{X”(w) + AX(z) =0 with X(0) =0and X(1)=0.

The eigenvalue of the second equation is A\, = (mr)2 with eigenfunction

X')’L (:L') = Sin nmwaI. Q'bl LYTEC H\H PUNTVERSITY




Wave Equation P.29 / 50

Consider the first DE
T"(t) + (nm)*> T(t) = 0.
The general solution is

T, (t) = an cosnnt + by, sin nrt.

By the principle of superposition, the general solution is
o0
u(x,t) = E ay, cosnmtsinnmwx + by, sin nwt sinnrx.
n=1

By the initial conditions,

f(x) =u(x,0) = Z ansinnmx  and 0 = us(x,0) Z nmb,, sin nwx.
n=1
Therefore, b, = 0 and
1 0 n is even,
an = 2/0 f(x)sinnrxdr = 4(_1)%—1 o
——— ni :
n2m?
i.e., .
4(—1)"2
U(x’ t) - Z ( n231-22 COS nﬂ-t Sin nﬂ-x. b;r I‘{ITII(([\”\E( U\”\)R ITY
n is odd Q' T U TR
Laplace Equation .30 / 50
Example 6.7 Solve the following Boundary Value Problem (BVP):
Uge + Uyy =0 D={(z,y):0<z<a,0<y<b}
u(0,y) =0, u(a,y) =0, O0<y<bd
u(z,0) =0, u(z,b) = f(z) 0<zx<a [Boundary conditions]
Solution. Assume a particular solution has y
the form 1
u(z, b)
u(z,y) = X(2)Y(y) b
Then u(0,y) | Yoz T Uyy =0 fu(a,y)
Yy X'
Y(y) Xz 7 >
and hence u(z,0) a

Y7(y) =AY (y) = 0,
X"(z) + XX (x) =0 with X(0) =0 and X(a) = 0.

2
: . nmw o .
The eigenvalue of the second equation is \,, = (—) with eigenfunction
a
nwx

Xn (:U) — SlIl T . Qrb;m]:[-r]l( INI? tj)(\lm RSITY




Laplace Equation .31/ 50

Consider the first DE

The general solution is

nmwy

Yn(y)—ane a —l—bne a .

By the principle of superposition, the general solution is

T nry nmTIT
g a sm——i—be a sin —.

a

Now by the remaining two boundary conditions,

oo
nmTx

0=u(@,0) = Y (an+bn)sin—

a

n=1
flz) =u(x,b) = Z:(aneT + bpe
n=1

nwb _ nwb . nhmXx
a ) gin ——
a
By considering the Fourier sine series expansion,
an = bt / f(x sin ™ gz and by = —an.
a(e QQALK Z‘LTII"(/H\H( U\”\ ERSITY
Non-homogeneous boundary conditions P.32 / 50

Example 6.8 Solve the following Initial Boundary Value Problem (IBVP):

Ut = CUpy O<z< L, 0<t
u(0,t) = uwo, u(L,t) =ur 0<t [Boundary conditions]
u(x,0) = f(x) 0<z<L [Initial condition]

Solution. Let

u(z,t) =v(x) +w(z,t) with v(z) = (%) x + ug.
Then u; = w; and Uz = Wi and hence wy = Uy = Uzr = Wae. Now
w(0,t) = u(0,t) —v(0) =0,
w(L,t) = wu(L,t)—v(L)=0,
w(z,0) = wu(z,0)—v(z) = f(x)—v(x).
Therefore,
Wi = Wy O<z<L, 0<t
w(0,t) =0, w(L,t) =0 0<t [Boundary conditions]

w(z,0) = f(x) —v(x) 0<z<L [Initial condition]




Non-homogeneous Heat Equation .33 / 50

Example 6.9 Solve the following Initial Boundary Value Problem (IBVP):

Ut = CUgs O<x<L,0<t
u(0,t) =To(t), u(L,t) =Tr(t) 0<t [Boundary conditions]
u(x,0) = f(z) 0<z<L [Initial condition]

Solution. Let

u(z,t) =v(z,t) + w(z,t) with v(z,t) = <TL(t) ; TO(t)) x + To(t).

Then us = v¢ + wi and uzr = W, and hence

W = CWay — v O<z< L, 0<t
w(0,t) =0, w(L,t)=0 0<t [Boundary conditions]
w(x,0) = f(x) —v(x,0) 0<x<L [Initial condition]
QR sy
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Example 6.10 Solve the following Initial Boundary Value Problem (IBVP):

Ut = 4uzy + sin 37w O<z<1l, 0<t
u(0,t) =0, u(l,t) =0 0<t [Boundary conditions]
u(x,0) = 5sinwz 0<z<1 [Initial condition]

Solution. Let u(z,t) = v(z) + w(x,t) such that
40" (x) +sin3mr =0 with v(0) =0 and v(1) = 0.

Solving the above DE, we obtain

1
v(zx) = G2 sin 3.
Furthermore,
w(0,t) =0, w(l,t) =0 0<t [Boundary conditions]
w(zx,0) = 5sinmxr — @ sindrz 0<x<1 [Initial condition)]
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By Example 7.1,

o0
4 2 2t .
w(x,t) = g bpe " T Usinnmx
n=1

with
' 1
bn = 2/ Ssinme — — sin3nx | sinnww dx
0 (67)
( 1
10/ sin® 7z dr = 5 n=1
0
1
= A 2 .2 1
- 3rrdr = — =3
(oL /O sin® 3wz dx 612 n
L 0 n#1,3
Therefore,
u(z,t) = v(x)+w(x,t) = ! sin 3mz+5e 4" ¢ sin m— ! 37"t gin 3.
’ ’ (6m)2 (6)2
QR sy
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Example 6.11 Solve the following Initial Boundary Value Problem (IBVP):
ur = gy + g(z,t) O<x<L,0<t
u(0,t) =0, u(L,t)=0 0<t [Boundary condition]
u(x,0) = f(x) 0<z<L [Initial condition]

Solution. Consider the boundary value problem
X"(z) +AX(z) =0 with X(0)=0and X(L)=0.

2
The eigenvalue of the second equation is \,, = (n_g) with eigenfunction

Xn(x) = sin ? Let

u(@,t) = ) Tu(®)Xn(x) and g(z,t) =D gn(H)Xn(x),

with
L 5 L
gn(t) = 7 /0 g(z, t) Xy (x) dx = 7 /0 g(x,t) sin - dz.
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Ut(ﬂ?,y) = C2u$$($)y) +g(xay)

Y Tt Xa@) = A Tu®X!(2)+ Y ga(t)X

Thus,
Th(t) = =X Tn(t) + gn(t) = To(t) + EXT0(t) = gu(t),

which is a linear DE. Then the general solution is

To(t) = ¢ e (/ g, (y) dy+Tn(0)) -

Finally,
f(x) =u(z,0) = ZTn(O)Xn(a:) = T / f(x)sin w dz.
n=1
Fourier transform / Inverse Fourier transform P.38 / 50

Fourier transform
The Fourier transform function F'(w) of the function y = f(z) is defined by

Fll=Flf@] = F) = [ @
Remark: Such integral exists when f satisfies / |f(x)|dx < oo.

Inverse Fourier transform
The inverse Fourier transform of F'(w) is given by

2T

— o0

f(z) = F [F(w)] = — / ™% B (w) duw.

Equivalently,
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Suppose F|f(z)] = F(w) and Flg(x)] = G(w). For any constants a and b,

» Linearity:
Flaf(z) + bg(x)] = aF(w) + bG(w)
» Shift in the £ domain:

» Transform of Derivatives:
F ()] = ((w)"F(w), n>1
» Derivative of Transform:

dczl:n F(w) = F[(—iw)" f(z)], n>1

» Convolution:

(e o)

—1
FUP@)Gw) = fg@) = | f(s)g( —s)ds
> Symmetry:
FF(z)] = 2m f(—w) oy L
Table of Fourier transform P.40 / 50
f(=z) F(w) f(z) F(w)
1 278 (w) etwo® 2w8(w — wq)
2 —alz| 2a
|| T2 e ) T a2
_i 1.2 2
5(z) 1 e 202 V2noe 279 Y
H() 5(w) + — ~% H(a) .
x 76 (w — e x
Tw o + tw
sgn(w P ve * (a + iw)n Tl
cos wox 7(§(w 4+ wo) + §(w — wg)) H(xz) coswox g(é(w+w0)+6(w—wo))+ 22w 5
wi —w
i W
sin wox im(6(w + wg) — d(w — wop)) H(z)sinwoz ?(5(w+w0)—6(w—w0))+ 5 5
wi —w
The Heaviside step function and delta function §(x) are defined by
{1 >0 {% —2<z< g
H(z) = and §(z) = lim dq(x) with dq(x) =
0 z<0 a—0 0 otherwise




Fourier transform / Inverse Fourier transform P41 / 50

Example 6.12 Solve the following Initial Value Problem (IVP):

Ur = gy —co <z <00, 0<t
{u(m,O) = f(z) —oco<z< [Initial condition]
Solution. Let U(w,t) = Flu(z,t)] and F[f(z)] = F(w).Then
ue(x,t) = Uy (z,t)
Flue(z, t)] = ¢ Fluwe(z,t)]
Ulw,t) = (iw)*U(w,t)
Ul(w,t) = —cw?U(w,t)

Then it become an ordinary differential equation with respect to t.
Ui(w,t) = —c*w’U(w,t) with U(w,0) = F(w).

The solution is )

U(w,t) = F(w)e """,

£\, THE HONG KONG
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Taking the inverse Fourier transform,

u(e,t) = F U(w,t)] = F' {F(w)e_czw%]

2,2

= F'Fw)]*F! [e_c e t}

1 _ =2
= €T) k [ 4c2t
f) <2\/627Tt )
1 o° _(z—s)2
= f(s)e 4%t ds

2V e2nt

This solution is called the fundamental solution of heat equation.

1 > _(e=s)?
u(x, t) = T /_oo f(s)e 42t ds.
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Example 6.13 Solve the following Initial Value Problem (IVP):
Uge + Uyy =0 —00<x <00, 0<y
u(z,0) = f(zr) —oco<zx< o0 [Initial condition]

and |u(x,y)| is bounded as y — oc.

Solution. Let U(w,y) = Flu(z,y)] and F[f(x)] = F(w).Then

Use (T, Y) + uyy (2, y) = 0
Flugs(z,y)] + Flugy(z,y)] = 0
(iw)*U (w, y) + Uyy (w, y) 0
Uyy(w,y) = w'U(w,y) = 0

Then it become an ordinary differential equation with respect to y.
Uyy(w,y) —w’U(w,y) =0 with U(w,0) = F(w).
The general solution is

_ lwly —|wly
U(w’ y) - A(w)e + B<w>e ‘ ZQ)\ THE HONG KONG
Q'b L’:y‘liz"‘rll"(/z‘l}m UNIVERSITY
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Since |u(z,y)| is bounded as y — oo, we have A(w) = 0. Furthermore,
U(w,0) = F(w) implies B(w) = F(w). Therefore,

Ulw,y) = F(w)e ™.
Taking the inverse Fourier transform,
u(e,ty =F ' [U(w,y)] = F' [Flw)e "]

= FUF(w)]*F ! [e_|w|y]

= fla)* | —L—
= o ()

= b s) - y s
- /_mf” @52 T )"

This solution is called the Poisson’s Integral Formula for the half plane.

ey — [ yf(s) .
(1) /_mw<<x—s>2+y2>d'
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> C = (C(S5,t), the value of a call option with current value of the
underlying asset S at time t;

» P = P(S,t), the value of a put option with current value of the
underlying asset S at time ¢;

> V =V(S,t), the value of an option with current value of the underlying
asset S at time ¢;

o, the volatility of the underlying asset;
E, the exercise price;

T, the expiry time;

vV v v v

r, the risk-free interest rate.
At the expiry time t =T,
C(S,T) =max{S — E,0} and P(S,T)=max{E — S,0}.
QQ THE HONG KONG

b POLYTECHNIC UNIVERSITY
U T A

Black-Scholes Equation P.46 / 50

The following assumptions are made.
» The asset price follows the lognormal random walk.
The risk-free interest rate r and the asset volatility o are known functions.
There are no transaction costs.
The asset pays no dividends during the life of the option.
There are no arbitrage possibilities.

Trading of the asset can take place continuously.

vV v v v v Y

Short selling is permitted.

Then the value of an option V (.5, t) satisfies the following Black-Scholes partial
differential equation.

2
02S20 v —l—rSa—V —rV =0.

v 1
277 952 77 9s

_t+
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OV 1 5 0%V ov B
" 5 5852-1- S@S rV =20
Let S
S — Eem f— _— = S
{ dx
2 dt 2
Then
oV _ 9V ds _ oV
or 0SS dx ~0S
9*V ) oV o ov\ dS oV 9V
7 = 5 (53s) =55 (%55) @ - (ﬁ”asa) s
ov. _ oV dt 290V
oy Ot dy_ o2 Ot
Then
ov. oV oV o2 oV ,O?V 9%V OV
S — 7 =——— and S = — .
oS Oz ot 2 Oy 052  0x?  0r L4 e
& rouurciic Uy
Black-Scholes Equation P.43 / 50
OV 1 5 0%V ov B
ot +2aS 8524—7"585 rV. = 0
L i 1 A W) A
2 Oy 2 \ 0x? ox ox N
oV 9*V oV . 2r
with k£ = % Let
0-2
V(z,y) = Ee®™™u(z,y) = u(z,y) = %e_(““by)‘/(aﬁ,y)-
Then
ov. _ ax+by( @)
or e av + ox
oV ou
r — E axr+by ou
3y e <bu+ 8y)
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Then
ou ou  0%u ou
ax+by . e 2 vu v e . el T —
Ee [ (bu+ay>—|—<a u+2a8x+8x2)+(k 1) (au+aw> ku} 0
ou  O%u ou 9
_8_y+@+(2a+k_l)%+(a —I—(k—l)a—k—b)u = 0
Set )
o= k-1 g p= _EELT
4
Then we have
ou  0%u ou  0%u
oy  0x? oy  0x?
which is a Heat Equation. Notice that
(k—1) (k+1)2r
p=n2, y=T(T-), V(S0)=ge 7 mEEETO0, (m%,g(T_ﬂ).
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Example Consider the following European call option model

0*°C
052

oC

122
942528
ot T3¢

with conditions
C(S,T) = max{S — E, 0},

The model can be reformulated as

oC
+7"S% —rV =0.

C(S,t) = S when S — oo.

—co<zr<oo, 0<y

{u(a:,O) = up(z) = max{eF+tDe/2 _ o(k=D2/2 01 _o6 < 2 < oo [Initial condition]

The general solution is given (from the previous example) by

u(;z:,y) =

2,/Ty

and

1 > _(@—2)?
/ up(s)e” W ds

d
C(S,t) = SN(dy) — Ee " T"YN(dy) with N(d) = \/%/ e Z ds
T J_

where
_ In(S/E)+ (r+0*/2)(T —t)

di =
' oV —t

and do = In(

S/E)+ (r —o?/2)(T —t)
oV —1t
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