Topic 3 - Eigenvalue and Diagonalization

AMA3724 Further Mathematical Methods(2024/25 Semester 1)
Lecturer: Jianbo Cui

» Eigenvalues and Eigenvectors » Diagonalization
> Similarity » Jordan Canonical Form
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Eigenvalues and Eigenvectors

1. An eigenvector of an n X n matrix A is a nonzero vector x such that

Ax = \x for some scalar ).

2. The scalar A is called an eigenvalue of A. We also say x is an
eigenvector corresponding to A.

Example Let A = E —36} , X =

2 313 9 3

Ax = 3 6 _1] - H - H = 3x
2 3] [-1 7 -1

dy = 3 —6__3]_[—21]_ 7[3]:_73’
2 313 15 3\

Az = 3 4 3] - [—9] 7 [3)\] = Az

L 4 L QA THE HONG KONG
&

POLYTECHNIC UNIVERSITY
R TR




Eigenvalues and Eigenvectors
Therefore,

» )\ = 3 is an eigenvalue of A and x = {3

1} is an eigenvector corresponding

to 3, and
» )\ = —7 is another eigenvalue of A and y = {_31} is an eigenvector

corresponding to —7.

4 0 -1 -2 -1 1 1
Example Let A = _01 g 2 (1) L X = é L,y = _02 7= 8 )
11 -1 1 0 1 1
—4 4 _2
Ax = é =4x, Ay = _08 =4y, and Az = 8 = 2z.
0 4 2

» )\ =4 is an eigenvalue of A and x =

1 1]

0 .

and y = [2 are two linearly
1

OOHI
| I |

independent eigenvectors corresponding to 4, and
1
» )\ = 2 is another eigenvalue of A and z = 8 is an eigenvector
1

P.3 /49
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Eigenvalues and Eigenvectors

Characteristic equation

A scalar X is an eigenvalue of an n x n matrix A if and only if )\ satisfies the
characteristic equation (polynomial)

Solution. pa(A) = det(A — Al,,) = 0.

A is an eigenvalue of A Ax = \x for some nonzero x € R"

Ax = \I,,x for some nonzero x € R"

(A — AI,,)x = 0 has a nontrivial solution

x € Nul (A — A\I,,) for some nonzero x € R"

(A — AI,,) is singular
det(A — \I,) = 0.

(A

Eigenspace

The eigenspace Ex(A) of A associated with eigenvalue A is the set of all
vectors satisfying Ax = \x i.e.,

Ex(A) = {x e R": Ax = \x}.

The set Ex(A) contains all vectors in Nul (A — A\I,,). Thus, every nonzero
vector in F5(A) is an eigenvector corresponding to the eigenvalue .
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Example 3.1 Find the eigenvalues and all eigenvectors corresponding to each

. 2 3
of the eigenvalues of A = [3 —6} :
Solution.
2 3 A0
pa(A) =det(A— M) = det <[3 —6} — [O )\])

‘2—)\ 3 |

3 —6-—A\
= (2=N)(=6-X)—9=X2+4)—21.

As we need to solve the characteristic equation det(A — Al2) = 0, which is
equivalent to

MHa—21=0 = (M\-3)\+7=0 = I=3or —T.

Thus, the eigenvalues of A are A\;1 = 3 and \y = —T.
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For A1 = 3, solve the matrix equation (A — 3[2)x = 0. Then

E3(A) = Nul (A — 312) = Span { E] } .

For Ao = —7, solve the matrix equation (A — (—7)I2)x = 0. Then
Equn:Nm@4+ng:Smm{{%¥ﬂ}:ﬁmm{{gﬂ}‘

Therefore, A has

> eigenvalue A\; = 3 with eigenspace F3(A) = Span { E] } and

> eigenvalue Ao = —7 with eigenspace E_7(A) = Span { [_31] }
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4 -1 6
Example 3.2 Let A = 1 6. Find the eigenvalues and all eigenvectors
2 -1 8

corresponding to each of the eigenvalues.

Solution.

pa(A\) =det(A— A3) =

= A 4130 —400+36=—-(A—2)(A—2)(A—9).
Therefore, the eigenvalues of A are 9 and 2.

For A1 =9, this is equivalent to solve the system (A — 9/3)x = 0. Then the

eigenspace 1
1

For A2 = 2, this is equivalent to solve the system (A — 2I3)x = 0. Then the

Eq9(A) = Nul (A — 913) Span{

eigenspace 1 /2 3
E3(A) = Nul (A — 213) = Span 1 0
O 1 @ IYITIIS([\”\;?( tj)(\”\ /ERSITY
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4 0 -1 -2
Example 3.3 Let A= | o ) [ |. Find the eigenvalues and all
1 1 -1 1

eigenvectors corresponding to each of the eigenvalues.

Solution.
4 — X 0 —1 —2
pa(\) =det(A—AL) = | o L0 %
1 1 —1 1— X

= A 1207 45207 — 96X + 64 = (A — 4)*(\ — 2)°.
Therefore, the eigenvalues of A are 4 and 2.

For A\; = 4, this is equivalent to solve the system (A — 4[4)x = 0. Then the
eigenspace
1

E4(A) = Nul (A — 414) = Span { [(1)
(A

— 2I4)x = 0. Then the

I

For A2 = 2, this is equivalent to solve the system
eigenspace

EQ(A) = Nul (A — 2[4) = Span {

= OO
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3 1 -1
Example 3.4 Let A= |0 2 1 ] . Find the eigenvalues and all
0o —1 2
eigenvectors corresponding to each of the eigenvalues.
Solution.
3—A 1 —1
pa(N) =det(A—Ay) = 0 2—A 1
0 -1 2-=A

= N TN +17A—15=(A—3)(\* — 4z +5).

Therefore, the eigenvalues of A are 3, 2+ and 2 — 7.

For A\; = 3, this is equivalent to solve the system (A — 3I3)x = 0. Then the
1
0

eigenspace
0 }

For A2 = 2 + 4, this is equivalent to solve the system (A — (2 +i)I3)x = 0.

Then the eigenspace
i
—i| p.
1 D LN venr

FE3(A) = Nul (A — 313) = Span {

E2_|_¢(A) = Nul (A — (2 —+ Z)Ig) = Span {

Eigenvalues and Eigenvectors P.10 / 49

For A3 = 2 — 4, this is equivalent to solve the system (A — (2 —i)I3)x = 0.
Then the eigenspace

E;_i(A) = Nul (A — (2 —1)I3) = Span { [zz] } .

1
In fact,
3 1 =17 [ 7] [—1 + 27 [ (24 10)i ] KN
0 2 1 —1 = 1-2i | =2+)(=0)| =(2+1) |-
0 —1 2| [1] | 241 | | 247 ] | 1 ]
3 1 =17 [—7] [—1 — 27 (2 —d)(—1)] [—1]
0 2 1 1 = 1+2¢ | = (2 —1)i =(2—14)| ¢
0 —1 2| | 1] | 2—1 | | 2—1 | 1 ]

Thus, the matrix has complex eigenvalues 2 + ¢ and 2 — ¢ with corresponding

1 —1
complex eigenvectors [—z] and [z] respectively.
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Eigenvalues and Eigenvectors

[1]: import sympy as sp; import numpy as np

[2]: | # Ezample 3.1
A = sp.Matrix([[2,3],[3,-6]11);A

[21: |2 3
3 —6

[3]: | # Characteristic polynomial
A.charpoly()

(31: PurePoly (A2 + 4\ —-21,A,dornain/::Z)

[4]: | # Factorize the polynomial
sp.factor(A.charpoly() .as_expr())

[4l: (A—=3)(A+7)

[6]: | # Eigenvalues of A
A.eigenvals()

[5]: {3:1,-7: 1}

[6]:

[6]:

P.11 / 49

# Eigenvalues and eigenvectors of A
A.eigenvects()

[¢-7,

1,
[Matrix ([
[-1/31,
[ 11D,
3,
15
[Matrix ([
[3] bl
[111H11
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Eigenvalues and Eigenvectors

[7]: | # Ezample 3.2
B = sp.Matrix([[4,-1,6], [2,1,6],,
—[2,-1,8]1); B

[(71: 4 -1 6
2 1 6
2 -1 8
[8]: | # Eigenvalues and eigenvectors of B

B.eigenvects()

[8]1: [(2,

2,
[Matrix ([
[1/2],

[ 1] bl
[ 011),
Matrix ([
[-31,
[ 0] bl
[11DD,
(9,
1,
[Matrix ([
[1] 3
[1] 3
(11111

[9]:

[9]:

[10]:

[10]:

P.12 / 49

# Ezample 3.3
C = sp.Matrix([[4,0,-1,-2], [-1,3,0,1],
—[0,0,4,0], [1,1,-1,1]1]1); C

4 0 -1 —2
-1 3 0 1
0 0 4 0
1 1 —1 1

# Eigenvalues and eigenvectors of C
C.eigenvects()

[(2’
2,
[Matrix([
[1] k]
[ol,
[ol,
[11DOD,
(4,
2,
[Matrix ([
[_1] )
[ 1] k]
[ O] k]
[ oI,
Matrix ([
[ 1] k]
[ o] k]

[_2] B THE HONG KONG
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[11]: | # Ezample 3.4 [13]: # Ezample 3.2
D = sp.Matrix([[3,1,-1], B = np.array([[4,-1,6], [2,1,6], [2,-1,8]1); B
—[0,2,1], [0,-1,2]1); D
[111: [s3 1 _1 [13]: array([[ 4, -1, 6],
0 2 1 [2, 1, 6],
0o -1 2 [ 2, -1, 811
[12]: | # Eigenvalues and eigenvectorsy [14]: | # Eigenvalues and eigenvectors of B @ NumPy
—of D np.linalg.eig(B)
D.eigenvects()
[14]: (array([9., 2., 2.1),

[12]: [(3, array([[-0.57735027, -0.63269467, 0.13325561],
1, [-0.57735027, -0.7699871 , -0.9694382 ],
[Matrix([ [-0.57735027, 0.08256704, -0.2059915711))

[1]’
[ol,
(011D, [15]:  # A 10z10 random matriz
2 -1, R = np.random.randint (0,4, size=(10,10)); R = R+R.
1, —T; R
[Matrix([
[_I]1
[ 11, [15]: array([[0, 3, 5, 4, 2, 2, 2, 2, 4, 0],
[11DD), [3, 0, 4, 3, 4, 4, 4, 4, 4, 4],
2+ 1, (5, 4, 2, 1, 0, 6, 6, 3, 6, 4],
1, (4, 3, 1, 0, 5, 2, 2, 2, 5, 3],
Matrix([ (2, 4, 0, 5, 0, 5, 1, 0, 2, 3],
[ 11, (2, 4, 6, 2, 5, 6, 6, 1, 3, 3],
[-1], (2, 4, 6, 2, 1, 6, 4, 6, 3, 5],
[ 11DDD] (2, 4, 3, 2, 0,1, 6, 0, 2, 1],
DR T 4
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[16]: | # Eigenvalues and eigenvectors of R @ NumPy
np.linalg.eig(R)
[16]: (array([32.17563324, 5.63277259, 3.88026324, 1.7608565 , 1.01060793,
-3.21293784, -5.20648718, -7.82496673, -7.35063895, -6.86510279]),
array([[ 0.23990821, 0.12698866, -0.31397399, 0.59262617, -0.10085464,
0.09258429, 0.4528656 , -0.0499217 , 0.50005554, 0.01241008],
[ 0.32824738, 0.08889643, -0.07734561, -0.02532038, 0.23429608,
-0.74965133, 0.09324504, 0.08100801, -0.07676899, -0.48959722],
[ 0.38054555, -0.30367416, -0.07026408, 0.23239732, -0.46619618,
-0.12890288, 0.03676486, 0.34194048, -0.50214232, 0.31566571],
[ 0.25200664, 0.46943061, -0.2409439 , 0.04233546, 0.21516853,
0.45827272, -0.25336992, 0.4857925 , -0.19897684, -0.24533134],
[ 0.21909999, 0.53714234, 0.25013033, -0.01500226, 0.29128353,
-0.07592698, 0.28616397, -0.27485218, -0.29329862, 0.5163472 1],
[ 0.39167006, -0.01768889, 0.76243963, 0.23029822, -0.05962076,
0.05952778, -0.32298967, 0.04937532, 0.2990691 , -0.09289477],
[ 0.39459753, -0.48066242, 0.05561704, -0.1895034 , 0.30530031,
0.42073494, 0.38454022, -0.23436875, -0.18937165, -0.25566373],
[ 0.22379669, -0.32506165, -0.30528602, 0.04529434, 0.53373118,
-0.11819883, -0.42768526, 0.02357383, 0.23764865, 0.4584884 ],
[ 0.34134339, 0.16544963, -0.2992427 , -0.08850286, -0.36897361,
0.04765903, -0.4119943 , -0.65817932, -0.06172418, -0.11649057],
[ 0.32040244, 0.10236405, -0.05223611, -0.70234897, -0.26206451,
-0.01589003, 0.18420864, 0.26713627, 0.42508529, 0.18952249]1))
QR sy
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[171: | # Same matriz in SymPy
S = sp.Matrix(R); S

[t7]: o 3 5 4 2 2 2 2 4 07

3 0 4 3 4 4 4 4 4 4
5 4 2 1 0 6 6 3 6 4
4 3 1 o0 5 2 2 2 5 3
2 4 0 5 0 5 1 o0 2 3
2 4 6 2 5 6 6 1 3 3
2 4 6 2 1 6 4 6 3 5
2 4 3 2 0 1 6 0 2 1
4 4 6 5 2 3 3 2 0 6
L0 4 4 3 3 3 5 1 6 2

[18]: | # Eigenvalues and eigenvectors of R @ SymPy
S.eigenvects()

[18]: [(CRootOf (_lambda**10 - 14*_lambda**9 - 545%_lambda**8 - 2182%_lambda**7 +
24794%_lambda*x*6 + 146786%_lambda*x*5 - 308634*_lambda**4 - 2300298%_lambda**3 +
1472271*_lambda**2 + 9183384*_lambda - 8266448, 0),

15
[Matrix([

[ 6895968363835957306471753587+CRoot0f (_lambda**10 - 14*_lambda**9 -
545%_lambda**8 - 2182%_lambdax*7 + 24794%_lambda**6 + 146786%*_lambda**5 -
308634*_lambdax*4 - 2300298%_lambda**3 + 1472271%_lambda**2 + 9183384*_lambda -
8266448, 0)**5/89854537549089693738202621120 -
5820128746504536882596119*%CRoot0f (_lambda**10 - 14*_lambda**9 - 545%_lambda**8 -
2182%_lambdax**7 + 24794%_lambda**6 + 146786%_lambda**5 - 308634*_lambdax*4 -
2300298%_lambda**3 + 1472271%_lambda**2 + 9183384*_lambda - 8266448,

0) **8/89854537549089693738202621120 +

629838097521509919753131*%CRoot0f (_lambda**10 - 14%_lambda**9 - 545%_lambda**8 -

2182*_lambda**7 + 24794%_lambdax**6 + 146786%_lambda**5 - 308634*_lambdax*4 - ’?bEMV#ﬁﬁﬁfﬁ%vmmn
2300298*_lambdax*3 + 1472271%_lambda**2 + 9183384*_lambda - 8266448, QEV wEMTAR
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Eigenvalues, Determinant and Diagonal Entries

Given an n X n matrix A = [a;;] with eigenvalues A1, ..., A, (can be repeated).

1. The characteristic polynomial is equal to

pa(A) =det(A—AL,) = (—D"A=X1)-A=X2)--- (A=)
= AM=A)-A2=X) (A= N).

2. The product of all eigenvalues of A is equal to the determinant of A, i.e.,
[]2 =222 a0 = det(A).
j=1

3. The sum of all eigenvalues of A is equal to the sum of all diagonal entries
of A, which is also called the Trace of A and denoted by Tr (A), i.e.,

ZA] :A1+>\2+"'+>\TL:ZG"7] :a11+a22+...+ann:Tr(A)-

j=1 j=1
4. Cayley-Hamilton Theorem:

pa(A) = (=1)"(A = 1I,) - (A= Xol,)--- (A= M\, I,) = 0.
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Proof.

1. Since A1, ..., A, are roots of the degree n polynomial det(A — AI,,)
and (—1)" as the leading coefficient (the coefficient of A"™),

det(A—AI,) = (—1)"A=X1) - (A= A2) -+ (A= A\p).
2. Substitute A = 0 in the equation pa(\) = det(A — A\I,,),
det A = det(A—OIn) = (—1)”(O—>\1)(0—)\2) <. (0—)\»,7,) = Mo A\p.

3. Consider the coefficient of A~ in the characteristic polynomial,

air — A aiz a1n
@21 @22 — A o G2 ny\n n n—1
— (1) A (1) (A Ao ) A
an1 an?2 et Ann — )\

The left hand side has the term (ai1 + a22 + - - @nn)(—=X)" "' and the
right hand side has the term (—1)""'(A;1 + X2 + -+ 4+ A,)A" "', Thus,

a1 + a2+ Apn = A1 F A2+ -+ g

ZQ)\ THE HONG KONG
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Eigenvalues of Triangular matrix

The eigenvalues of a triangular matrix are the entries on its main diagonal.

Proof. Suppose T' = [t;;] is an n X n upper triangular matrix, i.e., t;; =0
for all ¢+ > 5. Then T — AI,, is also upper triangular and hence

pr(A) =det(T — Al,) = (t11 — N)(ta2 — A) -+ (tnn — A).

Thus, ti1,...,tnn are the roots of the characteristic equation det(T — A\I,,).
Hence, they are the eigenvalues of T'. Similar result holds for lower
triangular matrices.

3 6 8 4 0 0
Example Let A= [0 0 6| and B= |—2 1 0]. Find the eigenvalues
0 0 2 5 3 4

of A and B.

Solution. The eigenvalues of A are 3, 0 and 2 and the eigenvalues of B are 4
and 1.
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Let A be an n X n matrix with eigenvalue \.

> The eigenspace E\(A) of A associated with eigenvalue X\ is equal to the
null space of A — A\I,, i.e., Ex(A) = Nul (A — \I,,).

» The algebraic multiplicity of an eigenvalue X, denoted by 14 (), is the
multiplicity as a root of the characteristic polynomial det(A — A\I,,) = 0.

» The geometric multiplicity of an eigenvalue A, denoted by 7.4 (), is the
dimension of the eigenspace Ex(A) = Nul (A — A\I,), i.e.,

v4(\) = dim Ex(A) = dim Nul (A — A\I,,).

» The geometric multiplicity is less than or equal to algebraic multiplicity,

i.e.,
1< 9400 < V),
algebraic multiplicity pa(\) | geometric multiplicity ya(\)
Example 3.1 A =3 1 1
Ao = —7 1 1
Example 3.2 A1 =9 1 1
Ay = 2 2 2
Example 3.3 A =4 2 2
Ay =2 2 1
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Eigenvalues, Determinant and Diagonal Entries

Given an n X n matrix A with distinct eigenvalues A1, ..., A\r and algebraic
multiplicities pa(A1), ..., pa(Ag). Then pa(A1) + -+ pa(Ax) = n.

1. The characteristic polynomial is equal to
pA(/\) :det(A—)\In) — (_1)”(}\_)\1).‘1A(>\1) ,()\_)\2)HA(>\2).“()\_Ak)uA(Ak.)

= (A — )\)MA(M) (A2 — A)MA(Az) c (O — /\)MA(kk).

2. The product of all eigenvalues of A (counting algebraic multiplicities) is
equal to the determinant of A, i.e.,

k
H)\?A(Aﬂ = AP \BaQ2) L 3maGR) et ( 4),

j=1

3. The sum of all eigenvalues of A (counting algebraic multiplicities) is
equal to the sum of all diagonal entries of A (The Trace of A), i.e.,

n

k
ZAJ'MA()‘j) = Arpa(An)+A2 pa(Az)+ A Appa(Ae) = Zajj = Tr (A).
j=1

j =1 /,z THE HONG KONG
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Example 3.5 Let A and B be n X n matrices. Show that if A is a nonzero
eigenvalue of AB, then X is also an eigenvalue of BA.

Solution. Suppose A is a nonzero eigenvalue of AB, then there is an
eigenvector x € R™ such that

ABx = \x.

Let y = Bx. Since A and x are nonzero, ABx is nonzero and hence y = Bx
is nonzero. Now

ABx=)Mx = BABx=ABx =— BAy=J\y.

Then A is an eigenvalue of BA with y as an eigenvector corresponding to .

Exercise What if the assumption nonzero is removed from the statement?

£\, THE HONG KONG
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3 1 -1
Let A= |0 2 1 |. By Example 3.4, A has
0O -1 2

1
> eigenvalue A1 = 3 with E3(A) = Span {x1} = Span { [O] }
0

e
> eigenvalue Ao = 2 + i with F24;(A) = Span {x2} = Span { —1 }

-
> eigenvalue A3 = 2 — i with F2_;(A) = Span {x3} = Span { ) }

Notice that A3 = )2 and X3 = x5. Indeed,
Axo = Aoxo =  Axs = \oxo — 14_1)_(2 = 5\2)_(2 = Axy = 5\2}_(2,

which is equal to Axs = A3x3.

Complex eigenvalues and eigenvectors

Let A be an n X n matrix with real entries. If A € C is an eigenvalue of A and
x is a corresponding eigenvector in C™, then the complex conjugate A is
another eigenvalue of A and X is a corresponding eigenvector.




Similarity
Similarity
For any n X n matrices A and B,
A is similar to B

if there is a nonsingular matrix S such that

S7'AS = B.

Suppose A is similar to B, then
ST'AS=B =— A=SBS'=85"'BS.

P.23 / 49

with S = S~!. Therefore, B is also similar to A. In short, we say simply that

A and B are similar.

7T 2 5 0 -1 1
Example Let A = {_4 1] and B = {0 3] and set S = [ 1 _2]. Then
e -2 <) [7 o 2l[-r -1 [5 o]
e et A I I K
Thus, A and B are similar. &R 1o ER ey

Similarity

Eigenvalues and Similarity

If two n X n matrices A and B are similar, then they have the same
characteristic polynomial and hence the same eigenvalues (with the same
algebraic multiplicities).

Proof. If B = S™'AS, then

pe(\) = det(B — A\I,,)

S~ det(A — AL,) det(S)
S™1) det(S) det(A — \I,,)
(det(S)) ™" det(S) det(A — AL,)

det(A — AL,) = pa(N).

&!
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Diagonalization

Diagonal matrix

P.25 / 49

A square matrix D = [d;;] is called a diagonal matrix if d;; = 0 for all i # j.

Diagonalization
An n X n matrix A is said to be diagonalizable if

A=pPpp!

for some nonsingular matrix P and some diagonal matrix D.

Example
P D p—!

) —N———— ——

A — 7 2 (-1 1|5 0] |-2 -1

=4 1] |1 2 0 3 1 1
[3 2 2 2 1 -1 -1 —-1]J9 o o o 1/4 1/4 1/4 1/4
B— |2 38 2 2/_|1 1 0 0 0o 1 0 of |-1/4 3/4 —1/4 -—1/4
= l2 2 3 2= |1 o 1 0 o 0o 1 of |-1/4 -1/4 3/4 —1/4
2 2 2 3 1 0 0 1 o 0o o0 1| |-1/4 -1/4 —1/4 3/4

D pot

Therefore, A and B are diagonalizable. Q/'%ﬁ?ﬁ:ﬁ%ﬁw@“’”“‘T"
Diagonalization P.26 / 49

[1]: import sympy as sp

[2]1: A = sp.Matrix([[7,2] ,[-4,111);A

[21: 7 2
—4 1

[3]: A.eigenvects()

[31: [(3,

13

[Matrix([
[-1/2]1,
L 11D 1),

(5,

1,

[Matrix([
[_1] >
[ 11DD]

[4]: B = sp.Matrix([[3,2,2,2] ,[2,3,2,2],,
—I[2,2,3,2] ,[2,2,2,3]]); B

[4]:

NN N W
NN WN

N WN N
W N NN

[6]: B.eigenvects()

[51: [,
3:
[Matrix ([
[—1] B
[ 1] k]
[ O] k]
[ oI,
Matrix ([
[_1] B
[ O] k]
[ 1] k]
[ 01D,
Matrix ([
[_1] )
[ o],
[ o],
[11DD,
9,
1,
[Matrix ([
[1] k]
[1] k]
[1] k]
[111OD1
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Let N e 0
D = | and P=] \a
0 An
Now
AP = Alvi -+ v =[Avi - Av,]
A 0
PD = [vi - wva]|: | =[avio v
0 . ¥
Thus,
AP=PD << [Avi - Avp]=[\vi - Auva].

The equality AP = PD holds if and only if Av; = \;v; forj=1,...,n
Thus, \; is an eigenvalue of A and v; is an eigenvector corresponding to \;.
Furthermore, P is invertible if and only if vi,..., v, are linearly independent.
In this case,

AP=PD = A=PDP .
Therefore, A is diagonalizeable if and only if A has n linearly independent
eigenvectors. Since P is invertible, the n eigenevectors are linearly independent.

Diagonalization p.28 / 49

Diagonalization Theorem
» An n X n matrix A is diagonalizable if and only only if A has n linearly

independent eigenvectors.

» In fact,
A= PDP™" with a diagonal matrix D and an invertible P,

if and only if

» the columns of P are n linearly independent eigenvectors of A,
and

» the diagonal entries of D are eigenvalues of A that correspond,
respectively, to the eigenvectors in P.

3 2 2 2 1 -1 -1 —=1][9 0o o0 o0 1/4 1/4 1/4 1/4
B—=|2 3 2 2| _ |1 1 0 0 o0 1 0 of |-1/4 3/4 —1/4 —1/4
— |2 2 3 2| 7|1 o 1 0 0 0 1 of |-1/4 —1/4 3/4 —1/4
2 2 2 3 1 0 0 1 o 0o 0 1| |—-1/4 —1/4 —1/4 3/4
A\ 7\ 7\ 7
Vo Vv Vv
P D p—1

THE HONG KONG
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Example 3.6 Diagonalize the following matrix, if possible.

1 3 3
A=|-3 -5 =3
3 3 1

Solution. Direct computations show that A has

—1 —1
> eigenvalue \; = —2 with F_5(A) = Span 11,10 , and
0 1
1
> eigenvalue \2 = 1 with E;(A) = Span —1
1
Take
-1 -1 1 -2 0 0
P=11 0 -1 and D=0 -2 O
0 1 1 0 0 1

Then P is nonsingular (why?) and
AP=PD = A=PDP "

£\, THE HONG KONG
Q'b POLYTECHNIC UNIVERSITY
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Therefore, A is diagonalizable.

Diagonalization P.30 / 49

[1]: import sympy as sp [4]: | # Diagonalize A
A.diagonalize()

[2]: | # Ezample 3.6
A = sp.Matrix([[1,3,3], [-3,-5,-31,., [4]: (Matrix([
—[3,3,111) ;A [-1, -1, 11,
[1, o0, -11,

. Lo, 1, 11D,
2l 1 3 3 Matrix ([
-3 -5 -3
3 3 1 [-2, o0, 0],
[ 0, -2, 0],
[o, o, 111

[3]: A.eigenvects()

[31: [(-2,
2,
[Matrix([
[_1]:
[ 1]’
[ 01D),
Matrix ([
[_1]7
[ 0]’
[11DD,
(1,
1,
[Matrix([
[ 1]’
[_1]:
[ 111D

ZQ)\ THE HONG KONG
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Example 3.7 Diagonalize the following

matrix, if possible.

2 4 3
A=1|-4 -6 -3
3 3 1

Solution. Direct computations show that

A has
» eigenvalue \; = —2 with
—1
E_5(A) = Span 1 ,
0
> eigenvalue \o = 1 with
1
Ei(A) = Span —1
1

Since at most two linearly independent
eigenvectors can be found, one cannot
construct a nonsingular matrix P There-

fore, A is not diagonalizable.

[7]:

[7]:

[8]:

[8]:

P.31 /49

# Example 3.7
B = sp.Matrix([[2,4,3], [-4,-6,-3],.
—1[3,3,111);B

2 4 3
—4 —6 -3
3 3 1

B.eigenvects()

[(—21
25
[Matrix ([
[_1]:
[ 1]’
[o1DD),
(1)
1,
[Matrix ([
[ 1]3
[_1]’
[111DD1]

£\, THE HONG KONG
Q'b POLYTECHNIC UNIVERSITY
FHERL TR

Diagonalization

[9]:

# Diagonalize B
B.diagonalize()

Traceback (most recent call last)

MatrixError

<ipython-input-8-9e04948e9332> in
1 # Diagonalize B

----> 2 B.diagonalize()

~/opt/anaconda3/1lib/python3.8/site-packages/sympy/matrices/matrices.py in (self,
<—+reals_only, sort, normalize)

375

376 def diagonalize(self, reals_only=False, sort=False, normalize=False):
--> 377 return _diagonalize(self, reals_only=reals_only, sort=sort,

378 normalize=normalize)

379
~/opt/anaconda3/1lib/python3.8/site-packages/sympy/matrices/eigen.py in M,y
<—>reals_only, sort, normalize)

603

604 if not is_diagonalizable:
--> 605 raise MatrixError("Matrix is not diagonalizable")

606

607 if sort:

MatrixError: Matrix is not diagomnalizable

P.32 / 49
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Linearly independent eigenvectors (Part |)
If vi,..., vy are eigenvectors that correspond to distinct eigenvalues
A1, ..., Ax of an matrix A, then vi,..., vy are linearly independent.
Proof. Let
r =dim (Span{vi,...,vi}).
Suppose Vi, ..., Vi are linearly dependent. Then r < k. By re-order the
indices, we may assume that vi,..., v, are linearly independent and span
Span{vi,...,vg}. Then there are ci,...,c,, not all zero, such that
Vr4l =C1V1 + -+ Cr V.

Then

Art1Vepl = Aviepr = c1tAvi + -+ e Ave = ct v + - e AV

Also
Ard1Vrgl = CiAr41V1 + -+ - + Cr Ar 1 V.

Then
O=ci(A1 — Mgp1)vi+ -+ (A — Arg1) V.
But this implies that vi,...,v, are linearly dependent, which contradicts
to our assumption. So we must have r = k and hence v, ..., vy are linearly
independent. & I vy
Diagonalization P.34 / 49

Linearly independent eigenvectors (Part II)

Suppose A has k distinct eigenvalues A1, ..., Ak, If vj1,...,vjn; aren;
linearly independent eigenvectors corresponding to the eigenvalue \; for
j=1,...,k. Then the n; + --- + nx eigenvectors

Viliy ...y Viny,V21,...,V2ng, ..., VEkl,... 7Vk”k

are linearly independent.

Proof. Consider the vector equation

C11V11 + 4+ Ciny Ving +C21V21 + -+ + Cony Von, + -+ Ck1VEL + + + + + Chny Vin, = 0.
A\ ~~ / A\ ~~ / L. -~ )
X1 X2 XK

Then x; is an eigenvector corresponding to \; and
x1+x2+ - +x,=0.
By the previous result, x1,...,Xx are linearly independent. Thus, their sum
is equal to the zero vector if and only if all of x1,...,Xx% are zero. Thus,
Cj1Vijlt+ -+ Cjn; Vin; =0 j=1,...,k.

and it follows ¢;1 = --- =¢jn; =0for j =1,...,k. So all the nq + --- + ny

. . . THE HONG KONG
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Diagonalization Theorem

Given an n X n matrix A with distinct eigenvalues A1, ..., A\x and algebraic
multiplicities pa(A1),...,a(Ax) and geometric multiplicities
va(A1),...,va(Ak). The matrix A is diagonalizable if and only only if the
geometric multiplicity of A; is equal to its algebraic multiplicity for all
jg=1,...,k, ie.,

vya(A;) = pa(A;) forallj=1,... k.

Proof. Notice that va(A;) < pa(A;) for all j =1,...,k. Then

ZVA(AJ') < ZMA(Aj) =n.

Then A has n linearly independent eigenvectors if and only if the above
equality holds. That is, ya(A\;) = pa(A;) forall j =1,... k.

Distinct eigenvalues =—> diagonalizable

An n x n matrix with n distinct eigenvalues is diagonalizable.

ZQ)\ THE HONG KONG
&R
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Example 3.8 Without using any computational devices, show that the matrix

2 1 0 0

0 2 1 0. . .
A= 00 2 1| not diagonalizable.

0O 0 0 2

Solution. If A is diagonalizable, then
A=PDP"
But 2 is the only eigenvalue of A, so

0
= 214.

S O O
o N OO
N OO O

2
0
0
Then

A= P2I,)P " =2I,,

which contradiction arrived. Therefore, A is not diagonalizable.

Q THE HONG KONG
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1 3 3
Example 3.9 Let A= |-3 -5 —-3|. Compute
3 3 1

3724 3724
(A +5I5)°™ — (A — I3)>™,
[1]: import sympy as sp; import numpy as np

[2]: | # Ezample 3.9
A = np.array([[1,3,3] ,[-3,-5,-3], [3,3,111);A

[2]: array([[ 1, 3, 3],
[-3, -5, -3],
[3, 3, 11D

[3]: I = np.eye(3);I

[3]: array([[1., 0., 0.1,
[0., 1., 0.1,
[0., 0., 1.11)

[41: | # (4+51) 2 - (A-DD "2
np.linalg.matrix_power (A+5%I,2)-np.linalg.matrix_power (A-I,2)

[4]: array([[ 36., 36., 36.1,
[-36., -36., -36.1,

[ 36. N 36., 36. 11) @i?‘fz:-‘r[f)(z(‘]}ﬁpb(\’ll\rkslT\
Diagonalization P.36 / 49

[6]: | # (A+5I) 20 - (A-I) 20
np.linalg.matrix_power (A+5%I,20)-np.linalg.matrix_power (A-I,20)

[6]: array([[ 3.65615844e+15, 3.65615844e+15, 3.65615844e+15],
[-3.65615844e+15, -3.65615844e+15, -3.65615844e+15],
[ 3.65615844e+15, 3.65615844e+15, 3.65615844e+15]])

[6]1:  # (A+5I) 3724 - (A-I) 3724
np.linalg.matrix_power (A+5%I,3724)-np.linalg.matrix_power (A-I,3724)

/Users/marsze/opt/anaconda3/1lib/python3.8/site-
packages/numpy/linalg/linalg.py:662: RuntimeWarning: overflow encountered in
matmul

z = a if z is None else fmatmul(z, z)
/Users/marsze/opt/anaconda3/1lib/python3.8/site-
packages/numpy/linalg/linalg.py:665: RuntimeWarning: invalid value encountered
in matmul

result = z if result is None else fmatmul (result, z)
/Users/marsze/opt/anaconda3/1lib/python3.8/site-
packages/numpy/linalg/linalg.py:662: RuntimeWarning: invalid value encountered
in matmul

z = a if z is None else fmatmul(z, z)
/Users/marsze/opt/anaconda3/1lib/python3.8/site-
packages/numpy/linalg/linalg.py:665: RuntimeWarning: overflow encountered in
matmul

result = z if result is None else fmatmul (result, z)

[6]: array([[nan, nan, nan],
[nan, nan, nan],
[nan , nan, nan]]) QQA THE HONG KONG
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Solution. By Example 3.6, A= PDP~! with
1 -1 1 2 0 0
P=11 0 —1 and D=10 -2 0
o 1 1 0 0 1
Then
3 0 071%™ 33724 0
— P|0 3 0 Ptl=p|l 0 3 o |p!
0 0 6 0 0 63724
-3 0 07°™ (—3)3724 0 0
= P|0 -3 0 P l'=pP 0 (=3)3™4 o| P!
0 0 0 0 0 0
QR sy
Diagonalization .40 / 49
Then
0 0 0
(A+51)°7*—(A-1)*** = Plo 0 o0 |P!
0 0 63724
-1 -1 1770 0 © 1 2 1
= 1 0 —1l]l0 o o0 1 -1 0
0 1 11]o 0o 63 1 1 1
—1 -1 1770 0 O0]1 2 1
= 6™ 1 0o -—1/l0o 0o o||-1 =1 0
o 1 1]lo o 1]]l1 1 1
101 17
= 6|1 -1 -1
1 1 1]

ZQ)\ THE HONG KONG
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3 1 -1
Let A= |0 2 1 ] . By Example 3.4, A has
0o -1 2

1
> eigenvalue A1 = 3 with E3(A) = Span {x1} = Span { [O] }
0

S
> eigenvalue A2 = 2 + i with Fa1;(A) = Span {x2} = Span { —1 }

-
> eigenvalue A3 =2 — i with F>_;(A) = Span {x3} = Span { ? }

1
Let
10— 3 0 0
P=10 —i z] and D= |0 249 0]
0 1 1 0 0 2—i
Then
1 i —][3 0 07 1 0
A=PDP " = [0 i z] 0 2+i 0 ] [O 5 %]
0 1 o o 2-iJlo - 1
Diagonalization P 42/ 49
Let

0 1 7
Rexs = [O] and Imxs = [1] — X9 = [’L = Rexs +7Imxs.

1 0 1
Set
1 0 1 3 0 O
P=10 0 -1 and D =10 2 1
0O 1 0 0o -1 2
Then
1 0 1 3 0 0171 1 0 3 1 —1
PDP =10 0o —1|ll0 2 1l]l0 0o 1|l=1]0 2 1| = A.
0O 1 O O -1 2|0 =1 O 0o -1 2

In general, suppose A has eigenvalue a + ib with eigenvector x = Rex + ilm x.
Then

ARex + iAlmx = A(Rex+ilmx)
= Ax = (a+1b)(Rex + Imx)

= (aRex —blmx) +i (almx +bReX). o 1 iocion
4

POLYTECHNIC UNIVERSITY
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A [Rex Imx} = [ARex AImx] = [aRex— bIm x aImx—I—bRex]

= [Rex Imx] {_ab 2]

Factorization with real matrices
Suppose an n X n matrix A with real entries is diagonalizable. Then there
exists an invertible matrix P with real entries such that

—Dl 0 O_
A=p|Q P2 | p
S |
0 .- 0 D]

where either (1) D; = [\;] is an 1 x 1 block matrix, or (2) D; = { ag ZJ} is
—Y J

a 2 X 2 block matrix. Here )\; is the real eigenvalue of A and a; £ ib; are the

FE TR

Jordan Canonical Form 5o

Jordan block

A Jordan block Ji () is a k X k upper triangular matrix of the form

A 1 0 - 0]
0 A 1

Jk(A) = . 0
0 0 A1
[ 0 . 0 Al

In particular,

v A 100
Ji(AN) = [A], JQ(A):[() A], Jg()\)lo A 1], Ja(N) =

S O O Y
SO >
S > = O

> = O O

ZQ)\ THE HONG KONG
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Jordan Canonical Form
Let A be an n X n matrix. There is an nonsingular matrix S such that

Jny (A1) 0 0 7
A=sist=g| O Jnh) S,
: K - 0
| 0 AR O Jnr(>\f)ﬂ)_
7
where n1 + - - - 4+ n, = n. Here the eigenvalues A1, ..., \, are not necessarily
distinct.
Ifr=nandn; =---=n, =1. Then
A7 0 -+ 07
J_ 0 A2 ,
: : -0
0 .- 0 M\l

and thus, A is diagonalizable.
Reference: R.A. Horn & C.R. Johnson, Matrix Analysis 2nd Edition, Cambridge University Press (2012)
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2 4 3
—4 —6 —3| has

3 3 1

Example The matrix A =

» eigenvalue \; =

1
—2 with pa(—2) =2 and E_3(A) = Span { [ 1 ] },

and
1
> eigenvalue \; = 1 with pa(1) =1 and F1(A) = Span { |—1] ;.

So A is not diagonalizable. But

1 -1 17172 1 o1 2 1
A=8JS'=]11 o -—1{]l0 -2 ofl|=-1 =1 of.
0o 1 1 0 1111 1 1
5

A\ o\ A 7

TV Vv
J

Here n1 = 2 and no = 1.

-1 -1
Remark: The vector [ 0 ] is a solution of the equation (A + 213)x = [ 1 ] .
1 0
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4 0 -1 =2
. -1 3 0 1
Example The matrix A = 0 0 4 0 has
1 1 -1 1
> eigenvalue \; = 4 with pa(1) = 2 and
—1 1
E4(A) = Span U and
4 - p 0 ) _2 )
0 1
1
> eigenvalue \o = 2 with pa(2) =2 and F2(A) = Span 8
1
So A is not diagonalizable. But
21 -1 17210 0[O0 0 3§ 3
ere-1_ 01 1 o0|f0 2 0 0 ]|s 2 O -2
A_SJS_000—20040—§§0§
2 0 0 1][0 00 410 0 -3 O
5 7 51
Jordan Canonical Form P.43 / 49
[1]: import sympy as sp [4]: A.jordan_form()
[2]: A = sp.Matrix([[2,4,3], [-4,-6,-31,. [4]: (Matrix([
—[3,3,111);4A [-1, -1, 11,
[1, o0, -11,
. [o, 1, 111),
(20 [_24 4 _33] Matrix(l
[-2, 1, ol,
o8 [0, -2, 0],
Lo, 0, 111N

[3]1: A.eigenvects()

[31: [(-2,
2:
[Matrix([
[_1] B
[ 1] bl
[o1DD,
(13
1,
[Matrix([
[ 1] b
[_1] >
[ 111D

ZQ)\ THE HONG KONG
Qb POLYTECHNIC UNIVERSITY
TR TR




Jordan Canonical Form

[6]:

[5]:

[6]:

[6]:

B = sp.Matrix([[4,0,-1,-2], [-1,3,0,1],,
—[0,0,4,01, [1,1,-1,111);B

4 0 —1 —2
—1 3 0 1
0 0 4 0
1 1 -1 1

B.eigenvects()

[(2,
29
[Matrix([
[1] bl
[0] bl
[0] b
(11111,
(4,
2,
[Matrix([
[_1] >
[ 1] 3
[ o] 3
[ 01D,
Matrix ([
[ 11,
[ o],
[_2] B
[ 111D

[7]:

[7]:

B.jordan_form()

(Matrix ([

2, 1, -1, 11,
o, 1, 1, ol,
[o, o, o0, -21,
[2, 0, o0, 111,
Matrix ([

[2, 1, 0, 0,

[o, 2, o, ol,

[0, o, 4, 0],

[0, 0, 0, 411))

&
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