Topic 2 - Inner Product Space
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Inner product and norm in R” P.2 /43

Inner product

1 Y1
x2 Y2

Given two vectors x = | . | andy = | . | in R™. The inner product
xn yn

(scalar product) of x and y is defined by

x1
T2
y)=y'x=[n v - ] |.|=wy+z2p+ A+ Ty

Tn

Norm and unit vector

1. The norm of a vector x is defined by

x| = /(x,x) = /a2 + 22+ - + 2.

2. A vector u is called a unit vector if ||u|| = 1.




Inner product and norm in R” P.3 /43

3 [1]: x = sp.Matrix([[1,2,3,4,511).T
-1 y = sp.Matrix([[3,-1,2,1,-1]1).T

1 [2]: | #Inner product of z and y
In [2]: y.TOx

oh
2

Example For x = |3| andy= | 2 |,
4
_5_

- @ [

o
[3]: | # norm of = and
T 2 x.norm() !
X, = x=1!3 -1 2 1 -—-1|13
< y> Y [ ] 4 [3]: V55
5 [4]: y.norm()
= 1-34+2-(-1)+3-24+4-1+5-(—1) 141: 4
= 0 [5]: z = x/x.norm(); z
1
x| = (1*+2*+3*+4*+5%)% =/55 51 [ o5
2 2 2 2 2\ 3 e
lyll = (3 +(=1)*+2°+1"+(-1)*)% =4 3y55
455
Let z —1_x Then \?_5755
— 11
55 [6]: =z.norm()
|z| = [6]: 1
Inner product and norm in R” P4/ 43
Properties of inner product y
For any x, y and w in R™ and any constant c,
1. (x,y) = (y,x);
(x,y) = (v, %) (x,y) >0
2. (x+y,w) = (x,w)+ (y,w); 5 %
y
3. (ex,y) = c(x,y);
4. > 0.
(x,x) 2 0 (x,y) <0
Furthermore, (x,x) = 0 if and only if x = 0.
> X
Properties of norm
For any x and y in R™ and any constant c, y
1. |lex|| = el - |x|];
[ex|[| = |ef - [|x]] % + vl
2. ||x + < ||x|| + :
3. x|l >o. x
Furthel’more, ||X|| — O if and Only if X - O O ||X|| THE HONG KONG
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Orthogonality

Orthogonality

Two vectors x and y are said to be orthogonal if

(x,y) = 0.

Pythagorean Theorem

Two vectors x and y are orthogonal if and only if

I +yl* = lIx]I* + llyll*.

Proof. For any x and y in R",

Ix+yl*

Thus, ||x +y||* = ||Ix]|* + |ly||* if and only if (x,y) = 0.
So the theorem holds.

(x+y, x+y) = (x, x)+(x, y)+{y, x)+{y,¥) = |x|*+2(x, y)+]|yl*.

P.5 /43

Y

(x,y)

QR sy
Orthogonality P6 /43
Example
1 1
1 —1
1. Let x = 1 and y = .
1 1
Then (x,y) = 0 and thus x and y are orthogonal.
Notice also that
21 |I? 171 1717
2 |||0O PR -1 _ 2 2
2 1 1
1 1 1 o
2. Letx=|1|,y=|—-1|,andz=| 1 |. ‘
1 0 -2 2
Then z
<X7Y> = <X)Z> = (y,z> = 0. -

Thus, x, y, and z are mutually orthogonal.

\/T3
107F

3 -2 a1 9 2
1 2 3 43 X
y 4




Orthogonality

P.7 /43

Vector projection

Suppose x and y are two nonzero vectors in R", then the vector x

—~

X,y)

p = proj, X = y
Y (y,y)

is the vector projection of x onto y.

)U\/_I
<

Vector projection vs Orthogonality

Let p = proj, x = 2;‘;’; y. The vectors x — p and y are orthogonal, i.e.,

(x—p,y)=0.

Proof. Let p = proj,, x. Then

x—-p,y) =&y —(py =y — <<X,Y>

£\, THE HONG KONG
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Orthogonality

P.8 /43

Example 2.1 Let x = [6

7 4
] and y = [ 2 ] . Find the orthogonal projection of x
5 -1

onto y. Then write x as the sum of two orthogonal vectors, one is a multiple
of y and one is orthogonal to y.

Solution. Notice that

(x,y) =35 and (y,y) =21
Then the orthogonal projection of x onto y is

4 20/3
_xy) 35 _ —.
P= .y’ ~ 21 [21] [105//%)] '

Also the component of x orthogonal to y is

1 [20/3 1/3
x—p[G]—!lO/B][S/B]. z
5] L=5/3]  [20/3

Then p is a multiple of u while x —p is orthogonal -6
to y and -

y
x=p+ (x—p).

.
o

Il o N & 0 ®

|
s N
’L
x R




Orthogonality P9/ a3

Cauchy-Schwarz inequality
For any x and y in R",
|3 < (1]l [lyll-

Proof. The result is clear if x or y is zero. Suppose x and y are nonzero.

(x,y)
(y,y)

Pythagorean Theorem,

Let p = proj, x = y. Then p and x — p are orthogonal and hence by
2 2 2 2 2 2 2
Ipll” +lx—plI" =[x[" = lpl”=x|" - llx—pl" < [[x]".

Then

(éiii) vy =Ipl* < Ix* = (y)? < Ix)Plyl*

Therefore, [(x,y)| < |Ix|| - |ly¥]l-

£\, THE HONG KONG
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Orthogonal subspace P10 / 43

Orthogonal subspace
Two subspaces U and W of a vector space V' are orthogonal if

(u,w) =0 forall ueUandweW.

Example Let
1] [ 17 [ 17 [ 17
1 -1 1 -1
1 1 -1 -1

u; = ! Uz — -1 Wi = -1 Wo = !

1’ 1]’ 1]’ 1
1 -1 1 -1
1 1 -1 -1
| 1] | —1 | —1_ | 1

Set U = Span {ui,u2} and W = Span {wi,wsz}. Then U and W are

orthogonal.

Proof. For any u = ciu; + cous € U and w = diwi + daws € V,

(u,w) = (c1u1 + couz,diwi + daws)

= cadi(ur, wi) + cidz2(ur, wa) + cadi (uz, wi) + cada(u2, wa) = 0.




Orthogonal subspace

Orthogonal complement

The orthogonal complement, denoted S=, of a subspace S in a vector space V
contains all vectors that are orthogonal to S, that is

St={weV:(w,v)=0 forallveS}

The orthogonal complement is also a subspace.

P.11 / 43

Example (cont.) Let U = Span {ui,u2}. Set A = [ul 112}. Then U = Col A.

yeU" «— (y,u)=0 foralluelU
<~ <y,U1>:<y,U2>:O
0] _ UT}’ _ urip AT
= o) =[] = et =
«— yeNua”.
(rT-17 07 [-17 07 [-17 T[O07)
0 -1 0 -1 0 1
1 0 0 0 0 0
Thus, Ut =NulAT =Span < | o | .ol |31 10l ]0 o | ¢
0 0 0 1 0 0
0 0 0 0 1 0
\ L O | | 0 | | 0 | | 0 | | 0 | | 1 1 )
Orthogonal subspace P12/ 43

Orthogonal complement of column space

Given an m X n matrix A.

» Nul A is the orthogonal complement of Col A” in R™,

» Nul AT is the orthogonal complement of Col A in R™.

Proof. For any y € R",

y € (Col AT)*

<~ (y,b)=0 forallbe ColA”
— (y, ATx> =0 forallxeR™
— (A"x)Ty =0 forall x € R"
«— xTAy=0 forallxeR™
— Ay =0

< y € NulA.

Therefore, Nul A = (Col AT)*.

Finally, by replacing A by AT, we have

Nul A" = (Col A)™*.

QA THE HONG KONG
Y,

POLYTECHNIC UNIVERSITY
R TR




Projection P13 / 43

Given x,y € R". Recall that p = proj, x = %y is the vector projection of
Y,y
x onto a one-dimensional subspace Span {y}. Let
1
P=——yy',
yly

which is an n X n matrix. Then

1 1 Tx X,y
Px = <—yy )x:—Y(y x) =2 y= Yy

y'y y'y y'y
We call the P the projection matrix onto Span {y}.

Note that
» P is symmetric, i.e., rPT =p.
> P?=P.
> Px € Span{y}.
> x — Px € (Span{y})* )y .....
Proof.
1 1 1 'y o 1 g
P? = —=vy YY) = =YY Yy = Yy = —=yy =P,
<y Ty ) (y Ty (y'y)? (¥'y)? y'y
Projection P14 / 43
Given a set of linearly independent vectors ai,...,a, € R"™ and set the n X p
matrix
A= [al ap].
Also let S = Col A = Span {ai,...,a,}. Define the n X n projection matrix
P =AATA)1AT. x
For any x € R",
» P is symmetric, i.e., PT = p. RTTRPIPES ..... e -
> P2 — P 3 : S=ColA
> PxeS=ColA. ) 51
> x— Pxe St = (ColA)*, Px

Proof. For any x € R", LU
Px=A(ATA)'ATx = A((ATA)"'ATx) € Col A.
Recall that (Col A)* = Nul A”. Then
AT (x —Px)=ATx — ATA(ATA) TATx=ATx - ATx = 0.
So x — Px € Nul AT = (Col A)*.

Exercise: Show that AT A is invertible if and only if A has linearly
independent columns. & 1o ER ey




Projection P15 / 43

Null space and column space of AT A

For any m X n matrix A,

NulATA=NulA and ColATA = Col AT,

Proof. For any x € R",
xeNuld = Ax=0 = A"Ax=0 = xecNuld"A.
Therefore, Nul A C Nul AT A. Now
xeNuld’A — ATAax=0 = xTATAx=0

— 4%’ =0 = Ax=0 =— xcNulA
Thus, Nul AT A C Nul A, and hence Nul A = Nul AT A. Finally,

Col AT = (NulA)" = (Nul AT A)" = Col (ATA)" = Col AT A.

ZQ)\ THE HONG KONG
Q'b POLYTECHNIC UNIVERSITY
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Orthonormal set P16 / 43
Orthogonal and orthonormal sets
1. A set of vectors {x1,...,Xxx} is said to be an orthogonal set if these
vectors are mutually orthogonal to each other, i.e.,
(xi,%x;) =0 whenever i # j.
2. A set of vectors {ui,...,ux} is said to be an orthonormal set if these
vectors are unit vectors and they form an orthogonal set.
=
17 71 1 ’
1. 11,1-11,]1 forms an 4
1 0 —2 3
orthogonal set in R? only. .
z o -
1 1 1 -
\{g \/51 \{é _2 \\/
2 G700 | & forms an S -r??
1 2 1 0o 1 3 43 2 X
— 0 = y 4
V3 V6

orthonormal set in R3.




Orthonormal set

P.17 / 43

[1]: =x1 = sp.Matrix([[1,1,1]1]1).T [3]: | # the norm of wvectors
x2 = sp.Matrix([[1,-1,0]11).T x1.norm(), x2.norm(), x3.norm()
x3 = sp.Matrix([[1,1,-2]11).T
display(x1,x2,x3)
1 [3]: (sqrt(3), sqrt(2), sqrt(6))
1
1
1 [4]: @ # combine vectors into a matriz
-1 In [4]: X = sp.BlockMatrix([x1,x2,x3]).
L 0 —sas_explicit(); X
1
1
_9 [41: |1 1 1
- 1 -1 1
[2]: | # Inner products of all pairs 1 0 —2
display(x1.T0x2, x1.T0x3, x2.T0x3)
[5]: X.TeX
(]
[0} [5]1: {3 0 o0
0o 2 0
M 0 0 6
Q&b ]};(‘;:I: ;:"r[?(:}%’}ﬁp?ﬁ\’n\FRﬂTy
Orthonormal set .18 / 43
[6]: wul = sp.Matrix([[1/sp.sqrt(3), 1/sp. [8]: | # the morm of wectors
<—sqrt(3), 1/sp.sqrt(3)]1).T ul.norm(), u2.norm(), u3.norm()
u2 = sp.Matrix([[1/sp.sqrt(2), -1/sp.
—sqrt(2), 0]11).T
u3 = sp.Matrix([[1/sp.sqrt(6), 1/sp. e]: (1,1, 1
—sqrt(6), -2/sp.sqrt(6)11).T
oy (o 2] [9]: | # combine wectors into a matriz
- V3 U = sp.BlockMatrix([ul,u2,u3]).
== —ras_explicit(); U
V3
J3 o1: [v3 V2 V6
"3 3 2 [¥
3 . V3 V2 V6
= 5 I %
3 6
_2 | "3~ 0 —3
2
= 0 = [10]: U.TeU
V6
6 _
V6 [t0l: 1 o o
%% 0 1 0
|~ 3 0O O 1

[71: | # Inner products of all pairs
display(ul.T@u2, ul.TOu3, u2.TQu3)

ZQ)\ THE HONG KONG
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Orthonormal set P.10 / 43

X? X{Xl X{Xg xF{x?,

T
XX = |x¥ [xl X2 x;»,} = xTX1 Xixo XIx3
Xg ngl X?Xg Xg;Xg

[(x1,%1)  (X2,X1) (X3,X1)
= |(x1,%2) (x2,%x2) (X3,X2)
| (x1,%3)  (X2,X3) (X3,X3)

Therefore, X7 X = I implies

1 =7,
(xi,%x5) = 0 s
1 J.

Thus, {x1x2,x3} forms an orthonormal set.
THE HONG KONG
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Orthogonal set = Orthonormal set

Suppose {x1,X2,...,Xr} is an orthogonal set. Let
u; = L x; forj=1 k
e o
Then the set {ui,us,...,ux} forms an orthonormal set and
Span {uj,usz,...,ux} = Span {x1,X2,...,Xk}.
1 0 0
1 1 0
Let x; = 1 , Xo = 1 , and x3 = 1
1 1 1

> Notice that {x1,x2,x3} is NOT an orthogonal set.

» Can we construct an orthogonal /orthonormal set {u, uz, us} from
{x1,x2,x3} and

Span {U1 ? U2 ? U3 } - Span {Xl ’ X2 ? X3 }? THE HONG KONG
QA 1{0& ;;‘r'rm}r INIC UNIVERSITY
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Gram-Schmidt Algorithm P21/ 43
Gram-Schmidt Algorithm
Given a set of linearly independent vectors {x1,x2,...,x:}. Let
1
o Y e
1
Y2 X2 — <X2,u1>u1 Uz = ||y ||YQ
2
1
y3 X3 — (X3, u1)ur — (X3, u2)uz uz = iyar Y
3
1
Yk Xp — (Xp,un)ur — (Xp, U2)uy — -+ — (X, Up—1)Up—1 U = Tyel
k
Then
> {y1,¥2,...,yr} forms an orthogonal set, and
» {u;,us,...,ux} forms an orthonormal set.
Furthermore,
Span {x1,X2,...,Xt} = Span{y1,y2,...,yr} = Span {ui,uz,...,ux}.
Gram-Schmidt Algorithm P22 / 43
1 0 0
Example 2.2 Let x; = 1 L Xo = 1 , and x3 = (1) )
1 1 1
Define
1 1
It 11
yi o= xi=|; N B
1 1
0 1 —3/4 —3/4
G = |1 Z 3L 1/4 2 | 1/4
y2 = 2 2, Uy = 1y 2 911 1/4 "2 V3 1/4
1 1 1/4 1/4
Y3 = X3 — (X3,u1)u; — (X3,u2)u
0 1 [—3/4_‘ 0 0
B ' Y 1Y S W T ISV O 72T B | S T
|1 211 V3 V3| 1/4 1/3 ST /2 1/3
1 1 [ 1/4 1/3 1/3

THE HONG KONG
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Gram-Schmidt Algorithm .23 / 43

Now
1 —3/4 0
|1 - 1/4 | —2/3
yi1 = 1> y2= 1/4 |’ and ys3 = 1/3 |
1 1/4 1/3

Then {y1,y2,ys} forms an orthogonal set and

Span {y1,y2,ys} = Span {x1, X2, X3}

Also
1 {3/4} 0
R D A u:ﬁ —2/3
PR T A | VCEIRVERE
1 L1/4J 1/3

Then {u;, uz, us} forms an orthonormal set and

Span {ui, uz, us} = Span {x1, x2,x3}.

QR sy
Gram-Schmidt Algorithm .24 / 43
1 00
1 10
LetAz[xl X2 X3]= 111 . Then
1 1 1
1 0 0 1/2 —3/2V3 0 2 379 .
a— |21 o _ (12 1/2v/3 —2/V6 0 V32 1/v3 | =0R.
11 1 /2 1/2v/3  1//6 0 0 Va3
11 1 /2 1/2v/3  1/v6 ] »

R
Q

Here Q = [ul us 113] has orthonormal columns and R = [r;;] is an
invertible upper triangular matrix with

rii = ||lyil| and  ri; = (ui,x;) for i < j.

()R Factorization

For any m x n matrix A, A has a factorization
A=QR,
where @ is an m x n matrix with orthonormal columns (i.e., Q7 Q = I,,) and

R is an n x n upper triangular matrix. If the columns of A are linearly
independent, then R is invertible. & ro RN Ravenairy

FE TR




Gram-Schmidt Algorithm P 25 / 43

[1]: import sympy as sp
import numpy as np

[2]: | A = sp.Matrix([[1,0,0], [1,1,0], [1,1,1], [1,1,111); A

[2]:

i
=== O
== oo

[31: | # QR decomposition @ SymPy
Q,R = A.QRdecomposition()

display(Q,R)
[ 1 _ 3 0
2 2
1 V3 _ V6
2 6 3
1 V3 V6
2 6 6
1 V3 V6
=3 6 6
2 3 1
0 V3 V3
o o 5
[4]: Q@R
[4]: 1 0 0
1 1 0
1 1 1 N
vt & PN ey
TR TR

Gram-Schmidt Algorithm P.26 / 43

[6]:  Q.TeQq

[5]: |1 0 O

[6]1: A = np.array([[1,0,0], [1,1,0], [1,1,1], [1,1,111); A

[6]: array([[1, 0, O],

[1, 1, ol,
(1, 1, 11,
[1, 1, 111

[71:  # QR decomposition @ NumPy
Q,R = np.linalg.qr(A)

display(Q,R)

array([[-0.5 , 0.8660254 , O. 1,
[-0.5 , -0.28867513, 0.81649658],
[-0.5 , -0.28867513, -0.40824829],
[-0.5 , -0.28867513, -0.4082482911)

array([[-2 , 1.5 , 1. 1,
[o. , -0.8660254 , -0.57735027],
[o , O. , -0.8164965811)

POLYTECHNIC UNIVERSITY
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Gram-Schmidt Algorithm .27 / 43

[8]: Q@R

[8]: array([[ 1.00000000e+00, 8.69063787e-17, -1.34358683e-16],
[ 1.00000000e+00, 1.00000000e+00, 1.61842956e-16],
[ 1.00000000e+00, 1.00000000e+00, 1.00000000e+00],
[ 1.00000000e+00, 1.00000000e+00, 1.00000000e+00]1])

[9]:  Q.TeoQ

[9]: array([[1.00000000e+00, 0.00000000e+00, 0.00000000e+00],
[0.00000000e+00, 1.00000000e+00, 6.34802232¢-18],
[0.00000000e+00, 6.34802232e-18, 1.00000000e+00]11)

[10]: | # QR decomposition (complete form) @ NumPy
Q,R = np.linalg.qr(A,mode="'complete')
display(Q,R)

array([[-5.00000000e-01, 8.66025404e-01, 0.00000000e+00, 2.14690125e-18],
[-5.00000000e-01, -2.88675135e-01, 8.16496581e-01, -8.68448956e-17],
[-5.00000000e-01, -2.88675135e-01, -4.08248290e-01, -7.07106781e-01],
[-5.00000000e-01, -2.88675135e-01, -4.08248290e-01, 7.07106781e-01]11)

array([[-2 , -1.5 , —-1. 1,
[ o. , —0.8660254 , -0.57735027],
[oO , 0. , —0.81649658],
[0 , 0. , 0. 1D
Q THE HONG KONG
?b P,( YLY TECHNIC UNIVERSITY
TR TR
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Orthonormal basis
Let B = {ui,...,u,} be an orthonormal basis for a finite dimensional vector
space V. Suppose

n c1
v = Z cju; or equivalently, [v]g =

Jj=1 Cn,

Then .
;= (viw), |vI?=> ¢, and [V]z=Piv,
j=1
where P = P g = [ul un}. Furthermore, if w = Zdju_j, then
7=1
dj = (w,u;) and (v,w)= Zdej.
j=1

ZQ)\ THE HONG KONG
Qb POLYTECHNIC UNIVERSITY
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Orthonormal basis P.20 / 43

Orthogonal set = Linearly independent set
If B={ui,...,ur} is an orthogonal set, then B is linearly independent.

Proof. Exercise.

Orthonormal basis
Let B = {ui,...,u,} be an orthonormal basis for a finite dimensional
vector space V. Suppose

n C1
vV = Z cju; or equivalently, [v]z =
Jj=1 Cn
Then .
;= (v,w), |v|*=> ¢, and [v]s=Piv,
j=1
where P = Pe. 3 = [ul e un]. Furthermore, if w = Z d;ju;, then
n Jj=1
dj = (w,u;) and (v,w)= Zdej.
Jj=1 THE HONG KONG
QAL:?E\;TII"(/II\H( UNIVERSITY
Orthonormal basis P30 / 43
Proof. For any j =1,...,n,
(v,u) = <Z Ck:uk:,uj> =) e () = o5y, uy) = ¢
k=1 k=1
Thus,
c1 (v,u1) uiv uf
vl = = = = | |v="PFgv
Cn (v,up) ulv ul
n
Similarly, if w = Z dju;, then d; = (w,u;). Now
j=1
<Z c;juj, Z dkuk> = Z Z ngk uy, uk Z dej <Uj, Uj> = Z dej.
71=1 k=1 7=1 j=1

Finally, ||[v||? = (v,v) = c5.

ZQ)\ THE HONG KONG
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Orthonormal basis

P.31 /43
1 2 1
Example 2.3 Let u; = @5 , U = §,U3: Sl x= i,and
3v2 3 0
1
y = |2]|. Show that B = {u1, uz2,us} forms an orthonormal basis for R3. Find
3
the coordinate vectors [x|s and [y]5.
Solution. Note that
[ui]] = fluzll = [Jus[[ =1 and (u1,u2) = (u1,u3) = (uz,u3) = 0.
So B = {u1,u2,u3} forms an orthonormal basis for R®. Now let
1 2 1
3v/2 3 V2
Pgs=|== 2 =%|. Then
ST
i = 0
3v2 3 - 1 1 SV S
3v2  3v2  3y2 o
_ opT | ¥ éf x{ . 3v2
[X]B - BX = 3 3, 3 - 3
o VW [0
r1 1 —4 7 1 -9 7]
3v2  3v2  3v2 3v/2
lyls = BY — § 3 3 =
— __1 0 3 — L QA E?]&'ITIE)([\I({;\ﬁpr(\’IlermTv
| V2 V2 4 LA | V2 ] X wEmTARE
Orthonormal basis P.32 / 43
[1]: import sympy as sp [6]: | # Coordinate vectors
from sympy import sqrt PB.T@x
[2]: PB = sp.Matrix([[1/sqrt(2)/3,'2/3',1/ (6] _\/Ti
<>sqrt(2)], [1/sqrt(2)/3,'2/3',-1/ 2
—sqrt(2)], [-4/sqrt(2)/3,'1/3',011); PB 0
[2]: V2 2 V2 [6]: PB.Toy
6 3 2
V2 2 V2
6 3 2 6]:
_2v2 1 0 e _%5
3 3 3
[31: | # Compute all inner products <ut,uj> —\/75
PB.TGPB
31: {1 o o
0 1 0
0 0 1
[4]: x = sp.Matrix([[1,1,1]1]1).T
y = sp.Matrix([[1,2,3]1]1).T
display(x,y)

W~ P

ZQ)\ THE HONG KONG
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Orthonormal basis P.33 / 43

form an

W = =

1 1
Example 2.4 The two vectors u; = 5 and us = 6

1
—1
orthonormal set in R%. Extend this set to an orthornormal basis for R*.
Solution. Consider the matrix

ot

1 1
2 6
1 1
A = [111 UQ} = % g
2 6
1 5
2 6
—1 4
1
Then direct computations yield that x; = 0 and xo = _3 form a
0 1

basis for Nul AT = (Col A)*. Thus, {x1,x2} is orthogonal to {u;,uz}. Now
apply Gram-Schmidt Algorithm on {x1,x2}, we obtain

—1 2
u—L 1 and u—L 2
Cova| o Tosva |3

0 1
Q/'Qb THE HONG KONG

FE TR

Then {uy,uz,us,us} forms an orthornormal basis for R?.

Orthonormal basis P.34 / 43
[1]: A = sp.Matrix([['1/2','1/2','1/2"','-1/ [3]: | # Matriz with basis vectors for nully
—2'], ['1/6','1/6','3/6','5/6'1]1).T; A —>space as columns
B = sp.BlockMatrix(B).as_explicit(); B
[1]: 1 1
S
1% 31: [-1 4
52 1 0
2 6 0 )
0 1

[2]: | # Nullspace of A.T
A.T.nullspace(); B
[4]:  # QR Factorization
Q,R = B.QRdecomposition()

[2]: [Matrix([ display(Q,R)
[_1]:
[ 11,
[ o1, _NM2 V2
[ ol1), N Js
Matrix ([ 2 3
[ 4], o -
[ o], 0 V2
[-3]1, 6
[ 11D] V2 —2v2
0 3v2

THE HONG KONG
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Orthogonal matrices
An n X n square matrix U is said to be orthogonal if
U'U =U0U" =1,.

That is, U is the inverse of U.

Example The following matrices are orthogonal matrices.

1 2 L —1/V2 —1/v6 —1/V12 1/2

V32 12 G R4 | 4 e e v e

—-1/2  V3/2|° 3vg 3 V2o an 0 2/v/6 —1/V/12  1/2
3

0

33 0 0 3/V12  1/2

Some properties for orthogonal matrices

For an n x n orthogonal matrix U,
1. UT is the inverse of U;
2. ColU = R" and Row U = R *™;
3. Column vectors of U form an orthonormal basis in R";
4. Row vectors of U form an orthonormal basis in R**":
5. det(U) = 1.

Least Squares Solution P.36 / 43

Suppose A is m xn and Ax = b is
inconsistent.

» Find the ‘nearest’ solution of
Ax = b.

» Find a solution x such that

|Ib — Ax|| is minimum.

Consider the normal equation
ATAx = A'b.
For any b € R™,
ATb e Col AT = ColATA = there exists x € R" such that A" Ax = A" b.

Therefore, the normal equation ATAx = ATb is always consistent!
QQA E:'&a:"r]l?i\]?\’ﬁ; ) ?J‘;IIVI'.RS]TY
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Suppose X is a solution to the equation AT Ax = ATb. Then
AT(b—Ax)=A"b—ATAx=A"b—-A"b=0,
and so b — A% € Nul AT = (Col A)~.
On the other hand, any vector x € R", A(% — x) € Col A. Then
Ib—Ax|® = ||(b— A%) + (A% — Ax)|?
= |b— A%|]? + | A% — Ax|]* > b — A%

Therefore, X is the ‘nearest’ solution. b
This is so called a least squares solution.
b — Ax
b — Ax Ax
I— Ax — Ax
0 Ax
LT S
Least Squares Solution .35 / 43

» Suppose AT A is invertible. Then the normal equation has the unique
solution

x=(ATA)TATDb.
Recall that
Ax = A(ATA)"'ATD

is the projection of b onto the column space of A.

» Suppose AT A is not invertible. Then the normal equation has infinite
many solutions.

» If A has a QR-factorization, i.e.,A = QQR, then
RTQTQRx=R'Q"p — QT'QRx=Q"p — Rx=Q"b.

» |f A has orthogonal columns, then ATA =1, and
x=A"Db.

THE HONG KONG
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Linear regression P.39 / 43

Given a collection of data points (z1,y1), (z2,¥2),--, (Tn, Yn)-

AN

Suppose

yj =a+ Bxr;j+e€ forj=1,...,n.

Set
Jj =a+pPx; forj=1,...,n.
Define > T
x1 Y1 (I €1 1
X = Y y - Y y - Y €= Y and € =
Ln Yn 'gn €n 1
Then
1 1
y:ae—i—ﬁx:[e x] [g]: [g]:Au and e=y—7y.
——
A =~ 1 zn| <~
u N—— u
A QR sy
Linear regression P.40 / 43
Here we would like to
minimize [e]| = [y — 3| = [ly — Aul.

Then the least squares solution is

a=(ATA)"ATy.

Let
_ 1 — I
O N
j=1 j=1
S = Y- y>:<zxjyj>my
j=1 j=1
Szz = Z(aﬁjxf:(Z:c])nxQ
j=1 j=1
Then

- T _ T 2 T _
ee=n ex=nx, ey=ny, X x=05z+nx", X y= Sz +nzy.
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It follows that

T T _
T _ e _ eyl _ ny
T -1 T 7,71
T 1 . e __|e e e Xx
- n nT ! 1 Syx +nT> —nT
- nT Sypr + N> NSy —nzx n
W AT a\—1 4T 1 [See +nZ° —nZ ny
=) Ay = e Say + nTY
That is,
B = Sm and & ysmsmxsxy =Yy—T- gzz =y — fz.
The equation y = & + Bm + € is known as the simple linear regression model.
Notice that R
g _|_ /B.,E' Q'bE?{{'rlllg)(/l\z(l\ﬁpb(\n\rRsIT\/
Inner product space P.42 / 43

Inner product space

An inner product on a vector space V is an operation (-,-) on V' that satisfies
the following conditions.
For any x, y and w in V' and any constant c,

[y

(x,y) = {y,x);

2. (x+y,w) = (x,w) + (y,w);
3. {ex,y) = ¢(x,y);

4. (x,x) > 0.

A vector space with an inner product is called an inner product space.

Examples

n

1. V=R"with (x,y) =y 'x = Z:cjyj.

j=1
n
2. V. =R" with E wW;T;Yj,
where wi, ..., w, are posntlve real numbers. e o Ko

Q'b P <7I‘ITI ( HNIC UNIVERSITY
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3. V=C" with (x,y) =y*'x = ijgjj.
j=1

m n

4.V =R™*™ with <A, B> Zzaijbij.

i=1 j=1

5.V = C™*" with ( ZZ

3

6. V =P, with (p,q) = Zp(xz)q(xz)

where 1, ..., x, are distinct real numbers.

7. V.= Cla,b] with (f,g) /f

8. V =C|a,b] with (f, )-/ w(x) f(x)g(x) dz,

a

where w(x) is a positive continuous function on |a, b|. @ it
q& L( lerll (/”\H U\U\) RSITY




