Topic 1 - Vector Space and Subspace

AMA3724 Further Mathematical Methods(2024/25 Semester 1)
Lecturer: Jianbo Cui

» Linear combination » Basis and dimension
» Spanning set » Row space

» Linear independence » Rank

» Vector Space and subspace » Change of basis

» Null space and column space
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Vectors P.2 /74

Vectors in R”
» A n x 1 matrix (with only one column) is called a column vector , or
simply a vector.
» The set of all n x 1 vectors is denoted by R".

» The vector whose entries all zero is called the zero vector and is
denotes by O.

2 L1
Example [ 1 ] [ 2 ] _5 T2
u=|—2|, v=|-5|, w= and x= | .
4 :
3 1 |
Tn
1 2 [ 3]
(Addition:) u+v = |=2|+|-5|=|-7
3 1] |2
2 [—6]
(Scalar Multiplication:) (=3)v = -=-3-: [—5] = |15
1 KX
4 —6 [—27]
(Linear Combination:) 4u+ (-3)v = |-8| 4+ |15|=|7
12 3 15
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Algebraic Properties of R"

For any u, v and w and scalars ¢ and d,

1. u+v=v+u,

2. (u+v)+w=u+ (v+w),
3.u+0=0+u = u,

4. u+ (—u) =(—u) +u =0, where —u = (—1)u,
5. ¢(u+v) =cu+cv,

6. (c+d)u=cu+du,

7. ¢(du) = (cd)u,

8. 1Iu=u.
QR sy
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Linear combination
Given vectors vi,...,v, in R™ and scalars c1, ..., cp, the vector b defined by
p
b=cv; + -t CcpVp = chvj
j=1
is called a linear combination of vi,..., v, with weights c1,...,cp.
3 1 1
Example Let v; = [2], Vo = [_1] and vy = [2]
Take
b = 2vi+ (—1)V2 + vs3 g{ o\
3 1 1 6 6 V3
4 b
Then the vector b is a linear combination of vi, vo
and vs. 2 2v,
> T
-6 -4 =2 2 4 6




Linear combination

A7
Example Let vi = [6],
4
3 (7]
Vo = -2 , V3 — 4 s
4 | 8]
2
and v4 = |—1 Then <
8

v3 is a linear combina-
tion of vi and vs while
vy4 is NOT a linear com-
bination of v and vo.
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Linear combination

[1]: import numpy as np
import matplotlib.pyplot as plt
from mpl_toolkits.mplot3d import Axes3D

# create the figure
fig = plt.figure(figsize=[10,6],dpi=500)

# add azes

ax = fig.add_subplot(111l, projection='3d')
ax.set_x1im(-6, 10)

ax.set_ylim(-6, 10)

ax.set_zlim(-6, 10)

ax.view_init(elev=20, azim=20)

# plot z-azis / y-azis / z-axis
ax.set_xlabel(r'$x$', fontsize='large')
ax.set_ylabel(r'$y$', fontsize='large')
ax.set_zlabel(r'$z$', fontsize='large')
ax.quiver(-6, 0, 0, 18, 0, 0, color='k',,
<—arrow_length_ratio=0.05)

ax.quiver(0, -6, 0, 0, 18, 0, color='k',
<—arrow_length_ratio=0.05)

ax.quiver(0, 0, -6, 0, 0, 18, color='k',,
—sarrow_length_ratio=0.05)

# plot vectors v_1 v_2 v_3 v_4
ax.quiver(0, 0, 0, 4, 6, 4, color='CO',
—rarrow_length_ratio=0.1, linewidth=3,
<—label="'${v_1}$"')

ax.quiver(0, 0, 0, 3, -2, 4, color='Cl',
—rarrow_length_ratio=0.1, linewidth=3,
—>label="${v_2}$')
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ax.quiver(0, 0, 0, 7, 4, 8, color='C2',
~—arrow_length_ratio=0.1, linewidth=3,
—>label='${v_3}$"')

ax.quiver(0, 0, 0, 2, -1, 8, color='C4',
~—arrow_length_ratio=0.1, linewidth=3,
<—label="'${v_4}$"')

ax.quiver(3, -2, 4, 4, 6, 4, color='C0',
—rarrow_length_ratio=0, linestyle = '—-',,,
—label=r'${v_1}$"')

ax.quiver(4, 6, 4, 3, -2, 4, color='Cl',,
—rarrow_length_ratio=0, linestyle = '—-',,,
—label=r'${v_2}$"')

#plot the plane region
s, t = np.meshgrid(range(-15,15),,
<—range(-15,15))

s = s*.1
t = t*x.1
X = s*x4+t*3
Y = s*x6+t*x-2
Z = s*x4+tx4

ax.plot_surface(X, Y, Z, alpha=0.1)
plt.legend()

plt.show()
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Linear combination vs Matrix equation

x1
LetAz[al an] and x = - Then
Tn
n T
ijaj:x1a1+---+xnan:b<:> [al an] =b «<— Ax=Db.
J=1 Tn
So b is a linear combination of aj, ..., a, if and only if Ax = b is consistent.
Spanning Set
Suppose vi,Vva,..., Vv, are vectors in R™. The set of all linear combinations of
Vi,...,Vp is denoted by
Span {vi,va,...,Vp}
and is called the subset of R™ spanned (or generated) by vi,vs,...,v,. So a
vector b € Span {vi,va,...,v,} when b can be written in the form
b=caviteavet---+ovy withweighting e, 6 g .
Linear combination P.8 /74

Example 1.1 Let

1 2 3 4 4

—92 5 —4 8 8

Vl = -5 7V2 = 6 ’V3 g 5 7bl = —8 5 and b2 = —8
3 -1 —2 9 9
1 2 3 4 5

Determine whether b; and b> can be written as a linear combination of vi, va
and vs. That is, whether by and bz are in Span {v1,v2,v3} or not.

1 2 3
-2 5 —4

Solution. Let A= |-5 6 5 |. Consider the matrix equation Ax = b;
3 -1 -2
1 2 3

for j =1,2.

[11: A = sp.Matrix([[1,2,3],[-2,5,-4],[-5,6,5],[3,-1,-2],[1,2,3]11); A

[1]: 1 2 3
—2 5 —4
-5 6 5
3 —1 -2
1 2 3

[2]: =x1,x2,x3 = sp.symbols('xl x2 x3')
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[3]: bl = sp.Matrix([[4,8,-8,9,4]1]1).T; bl

[3]: 4

[4]: b2 = sp.Matrix([[4,8,-8,9,5]1]1).T; b2

[4]: 4

[6]: sp.linsolve((A,bl),x1,x2,x3)

[51: {(3, 2, —1)}

[6]: sp.linsolve((A,b2),x1,x2,x3)

[6]:

1]
Therefore, Ax = b is consistent and Ax = by is inconsistent. So b; is a
linear combination of vi,va, vs while bs is not. That is
b: € Span {vi,va,vs} and b ¢ Span {vi,va,vs}. In particular,
by =3vi+2vy —vs. GO U
Spanning set P10 / 74

Some simple facts about Span {vy,vsy,...,Vv,}

Given p vectors vi,va,...,Vvp,. Forany scalar cand 5 =1,...,p,
1. v; € Span{vi,va,...,vp}.
2. cvj € Span{vi,va,...,Vp}.

3. 0 € Span{vi,va,...,Vp}.
4. If v, is a linear combination of vi,...,v,_1, then
Span{vi,va,...,Vp_1,Vp} = Span{vi,va,...,Vp_1}.

That is, the set remains unchanged after removing the vector v,,.

Proof. The results hold since for any scalar cand j =1,...,p
v, = 0vi+---0vj_1+1v; +0vjp1 +--- 4+ 0vyp,
cvi, = 0vi+4+---0vj_1+cvj+0vjpr+ -4 0vyp,
0 = Ovi+---+0vy
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Proof. (cont.) It is clear that
Span{vi,...,vp—1} C Span{vi,...,Vp_1,Vp}.
Now we want to show that
Span{vi,...,vp—1,vp} C Span{vi,...,vp_1}.
Suppose Vv, is a linear combination of vi,...,v,_1, then
vp =divi+---+dp—1vp—1 for some scalars di,...,dp—1.
For any b € Span {v1,...,v,},
b = cavi+-+cpo1vp—1+cpvp
= avi+-+cp_1Vpo1 Fcp(divi+ -+ dp_1Vp_1)
= (a+cpdi)vi+ - (cp-1+ cpdp-1)vp1

Thus, b is a linear combination of vi,...,v,_1, i.e.,
b € Span {vi,...,v,_1}. Hence, Span{vi,...,vp} C Span{vi,...,vp_1}
and Span {vi,...,v,} = Span{vi,...,vp_1}.

QR sy
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Spanning R™
A set of vectors {vi,...,vp} in R™ spans R™ if every vector b in R™ is a
linear combination of vi,...,v,. Equivalently,

Span {vi,...,vp} =R™.

Some equivalent conditions

Let A be an m X n matrix. Then the following statements are equivalent.
1. The columns of A span R™.
2. Each b in R™ is a linear combination of the columns of A.
3. For each b in R™, the equation Ax = b is consistent.

4. A has pivot positions in every row.

Example Let

1 2 3 4 4
—2 5 —4 8 8
vi=|-5|,vo= |6 |, v3=|5]|,va=[-8],and vs=|-8
3 -1 —2 10 9
1 2 3 4 5

Then Span {vi,va, V3, va,vs} = R®. (Hint: the RREF of [vl Vo V3 V4 V5} )
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Linearly independent and dependent
Given an set of vectors {vi,...,v,} in R™. Consider the vector equation

P
g T;jVj =T1V1 + T2va + -+ x,vp, = 0.

i=1
» The set {vi,...,Vvp} is said to be linearly independent if the vector
equation has trivial solution only (unique solution). i.e., Z;’:l xjv; =0
implies x; =--- =z, = 0.
» The set {v1,...,Vp} is said to be linearly dependent if the vector

equation has non-trivial solution (infinitely many solutions). i.e., there are
scalars z1,...,zp, NOT ALL ZERO, such that 7 z;v; = 0.

Linear independence vs Matrix equation
The columns of a matrix A are linearly independent if and only if the equation
Ax = 0 has only the trivial solution.

Proof. Let A = [al e an]. Notice that the column vectors ai,...,a,
are linearly independent if and only if the vector equation

£\, THE HONG KONG
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Ax = x1a; + -+ zpa, = 0 has trivial solution only.

Linear independence P14/ 74
1 4 2 3
Example 1.2 Let v; = :g L Vo = _88 . V3 = 2 ,and v4 = _54
3 9 —1 —2

Determine if the set {v1,Vva,vs, va} is linearly independent and find a linear
dependence relation among vi,va, v3, vy if the set is linearly dependent.

[1]: A = sp.Matrix([[1,4,2,3],,
—[-2,8,5,-4], [-5,-8,6,5],y
—1[3,9,-1,-2]11); A

Solution. Let

1 4 2 3
A — _ -2 8 5 —4
=|V1 V2 V3 Vgl =1 _ _g § 5 | - [1: [ 1 4 2 3
3 9 -1 -2 -2 8 5 -4
-5 -8 6 5
i ) 3 9 -1 -2
Then the general solution of Ax = 0 is
[2]: Db =sp.zeros(4,1); b
X1 = —3$4
_ [2]: |0
) = T4 0
r3 = —2x4 0
. 0
T4 1s free
[3]:  =x1,x2,x3,x4 = sp.symbols('xl,
Thus, {vi,v2,vs3,va} is linearly dependent. —x2 x3 x4')

Furthermore,
[4]: sp.linsolve((A,b),x1,x2,x3,x4)

—3vi + vy —2v3+vy =0.
[4]: {(_33:47 T4, —274 @;ﬁr}‘:’g&;(l:\ﬁgb(.\'lIVl'.RSITY
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Example 1.3 Determine if the columns of the matrix A =

linearly independent.

Solution. Row reduce the matrix A as follows.

N

I
T 00— WN
W N0 U= O
N W RO Otu
NH—=OOO WU

2

2
[eoNeNololoNol
oo oCcoOorOo
[eNeNoNol e No)
cNoNoN T NoNoNo)

All variables of Ax = 0 are basic variables.
Thus, the equation Ax = 0 has trivial solu-
tion only. So the columns of A are linearly
independent.

[5]:

[6]:

[6]:

[6]:

UL oo O 00 W

P.15 / 74

are

W0 Ut~ O
N W RO OtLg
NRFROOOOWWL

A = sp.Matrix([[2,8,5,5],,
—[3,6,5,3], [1,1,0,01,,
—[8,5,4,0]1, [6,8,1,61,,
—[8,7,3,11, [5,3,7,211); A

Lo 00— WN
W= 0 U= O

A.rref()

(Matrix(
[1, o,
[o, 1,
[o, o,
[o, o,
[o, o,

[O! O,

[o, o,

o, 1,

N W RO Ou
NH=OOO WU

[

0 E) O] 2
0 E) O] 2

1 E) O] 2

0 E) 1] 2

0 E) 0] 2

0, 011), -

2, 3)) ooy

FE TR

Linear independence

Some facts about linear independence

P.16 / 74

1. The set of two vectors is linearly independent if and only if neither of the

vectors is a scalar multiple of other.

2. If aset {vi,...,vp} in R™ contains the zero vector 0, then the set is

linearly dependent.

3. Any set {vi,...,vp} in R™ is linearly dependent if n > m.

4. A set of vectors {vi,...,v,} is linearly dependent if and only if at least
one of the vectors v; is a linear combination of the others.

Proof.

1. Suppose the two vectors vi and vy are scalar multiple, say, vi = kva.
Then (—1)vi + kve = 0 so {v1,va} are linearly dependent.

Now suppose vi and v are linearly dependent. Then ci1vi + cave =0
for some nonzero scalar c¢; and c2. Then vi = —%Vg, so v is a scalar

multiple of va.

2. Suppose v, = 0. Then it is clear that {v1,..

dependent since

O-vi+---4+0-vp_1+1-v,=0.

., Vp} is linearly

ZQ)\ THE HONG KONG
Qb POLYTECHNIC UNIVERSITY
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Proof. (cont.)

3. Let A= [vl e vn}. Since n > m, the system Ax = 0 must have
non-trivial solutions. Therefore, {v1,...,v,} is linearly dependent.

4. Suppose {vi,...,v,} is linearly dependent. Then there exist

ci,...,Cp, not all zeros, such that c;vi +--- + ¢c,v, = 0. Suppose
c; # 0. Then
C1 Ci—1 Cj+1 C
ng——Vl_"'_ J Vj—]._ J Vj+]__—_pr
Cj J J Cj

Thus, v; is a linear combination of the others.

On the other hand, suppose v; is a linear combination of the others,
say
vi=kivi+ -+ kj_ivi1 +kjtavitr + o+ kpvp

for some scalars k;. Then

kivi+ -+ kji—ivji+ (=)vj+ kjpivijs1r+ -+ kpvp =0

and so {vi,...,vp} is linearly dependent.
QR sy
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Example Determine if the given set is linearly dependent.

[ 1 2 3 4 1—
1 7 0 1 1 1
' 6 " (9171 5] 1|81"|0
| —1 4 —2 3 7
[2 0 1
3 0 1
2 57 1017 | 8
| 1 0 -3
[—2 3
4 —6
3. 6 |19
10 15
Solution.

1. Linearly dependent. There are 5 vectors in R*.
2. Linearly dependent. There is a zero vector.

3. Linearly independent. The two vectors are not scalar multiple of each
Ot her . QA ;I;(!;'IF‘I'['I'II(’Z'.V\T(E\LE??J(:\,II\’I'RS]TY
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Example 1.4 Let vi,...,Vv, be linearly independent vectors in R"™ and A be an
n X n nonsingular matrix. Show that Avi,..., Av, are linearly independent.

Solution. Consider the vector equation
T1AVL + -+ 2pAvp, =0 —  A(xivi+---+xpvy) =0.
Since A is invertible,
T1vi+ -+ xpvp = A7'0o=0.

As vi,...,vp are linearly independent, we must have 1 =--- =z, = 0.
Thus, Avi,..., Av, are also linearly independent.

£\, THE HONG KONG
Q'b POLYTECHNIC UNIVERSITY
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Example Consider

A 1 4 0 2 -1 1 40 2 0
- > |3 12 1 5 5 00 1 -1 0
a1 a2 ag ay as] = 28 1.3 21710 0 0 o0 1

5 20 2 8 8 000 0 0

Then

1 0 —1 4 2 1 0 0 4 2

31 5 12 5 01 0 0 —1

a1 a3 a5 a; ai] = 21 2 8 3/7lo o1 0 o
5 2 8 920 8 00 0 0 0

Notice that
a; = 4a; +0asz +0as and a4 =2a; + (—1)as + Oas.
It follows that a2 and a4 are linear combinations of a;,as,as. Then

Col A = Span {a1,a,,as,a4,as} = Span{ai,as,as,as} = Span {aj,as,as}.

1 0 -1
3 1 5 . .
Also a; = NE asz = K and a5 = 9 are linearly independent.
5 2 8 QQA ?ij?&air‘{zi?}]ﬁ; ) IJJ(:\’II\’I'RSIT\'
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Vector Space

A set V of objects, called vectors, on which the two operations, called addition
and scalar multiplication are well defined if

» The sum of u and v, denoted by u+ v, isin V.

» The scalar multiple of u by ¢, denoted by cu, is in V.

The set V together with the addition and scalar multiplication is called a vector
space if the axioms listed below hold for all vectors u, v and w in V' and for all
scalars ¢ and d.

1.

©® N o g s~ L Db

u+v=v-+u

(u+v)+w=u+(v+w).

There is a zero vector 0 in V' such that u+ 0 = u.

For each u in V, there is a vector —u in V such that u+ (—u) = 0.
c(u+v) =cu+cv.

(c+ d)u = cu+ du.

¢(du) = (ed)u.

1u = u. £\, THE HONG KONG
Q'b POLYTECHNIC UNIVERSITY
T B TR
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Examples of Vector Space

1.

2.

The set R™ with the usual addition and scalar multiplication

The set of complex numbers C with the usual addition and scalar
multiplication

The set of n-tuples of complex numbers C" with the usual addition and
scalar multiplication

The set of m X n matrices with real entries R”*™ with matrix addition
and scalar multiplication

The set of positive real numbers R* with the addition operation by
u@v=uv foralluandvinR"
and scalar multiplication operation by

cou=u’ forall winR" and scalar c.

: . . 1
Notice that the zero vector 0 in R" is 1 and (—u) = —. QTN
u

POLYTECHNIC UNIVERSITY
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6. For n > 0, denote by PP,, the set of polynomials of degree at most n, i.e.,
all polynomials of the form

p(x) = ao + a1z + asx’ + -+ anx”

with coefficients ao, ..., a, and variable x. For any polynomials p and q
in P,

p(x) =ao+ a1z + -+ az” and q(z) =bo+biz+ -+ byz",
the addition and scalar multiplication are defined as follows,
(p+q)(z) = (ao+bo)+ (a1 +bi)x+ -+ (an+ bn)z"
(ep)(x) = cao+ (car)z+ -+ (can)z".
Then P, is a vector space with 0 = 0(z) = 0.

7. Let Cla,b] be the set of all real-valued continuous functions defined on
[a, b] with the usual addition and scalar multiplication. i.e.,

(f +9)(@) = f(x) +g(x) and (cf)(x) = c(f(x)).

Then C'[a, b] is a vector space. Ryt
q g;&\;;’;(}\]—f;l( UNIVERSITY
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Subspace

A subset S of a vector space V is called a subspace if S satisfies the following
two properties.

1. S is closed under addition. That is, for each u and v in S, the sum u+v
isin S.

2. S is closed under scalar multiplication. That is, for each u in S and scalar
¢, the scalar cu is in S.

Subspace vs Vector space

Every subspace itself is a vector space.

Zero vector in subspace

If S is a subspace of a vector space V/, ﬁ 5 Y
then S must contain the zero vector O /
of V.

ZQ)\ THE HONG KONG
m ?b POLYTECHNIC UNTVERSITY
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1 1
Example 1.5 Are S| = { [m] D X1,T2 € R} and S = { [.’132] P Xx1,T2 € R}
0 1

subspaces of R3?

U1 V1
Proof. For any u = [w] and v = [w] in S1 and scalar c,
0 0

u1 + v1 2
Uz + v2 | is in

0

1. the sumu+v =

S1.

Cuq
2. the scalar multiple cu = |[cua | is
0

S2

also in 5. / /y

So S is a subspace of R?. / / >
0

Because the zero vector 0 = [O] is Sy
0

NOT in S3. S is not a subspace. & Pl ey

FE TR
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Examples of Subspace

1. The set of all n x n upper triangular matrices T}, is a subspace of R™*"™.
2. The set of all n x n diagonal matrices D,, is a subspace of R"*",

3. The set of polynomials of degree at most n, IP,,, is a subspace the set of
all real-valued continuous functions Ca, b].

4. The set S = {A = [ai;] ER**? :a13 = 2a31} is a subspace of R**?.

Proof of Example 4. For any A = [a;;] and B = [b;;] in S and scalar c,
1. the (1,3)th entry of A+ B is

(a13 + b13) = 2(as1 + bs1),
which is equal to two times of the (3,1)th entry of A + B.
2. the (1, 3)th entry of cA is
cal1s = 2(6&31),

which is the same as two times of the (3, 1)th entry of cA.

THE HONG KONG
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Span = Subspace

If vi,Vva,..., Vv, are vectors in V, then the set Span{vi,va,...,v,} is a
subspace of V.

Proof. For any u and v in Span {vi,va,...,v,} and scalar a,
u=civi+cve+---+cpvp and v=divi+dava+---+dyvp
for some c¢1,...,¢cp, and dy,...,d,. Then

u+v=_(c1+di)vi+(ca+d2)va+---+ (¢, +dp)vp

and
oau = (ac1)vi + (ac2)ve + - - - + (acy) vp.
Thus, u 4+ v and au are in Span {vi,va,...,V,}.
QR sy
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Example Let

4 4 0 —4 2
vi=|—4|,ve=|6]|,v3= |10, va= | 4|, and vs= [0].
0 2 2 0 8

Span {Vl, V2,Vs3, V4}

— Vl
V2
V3

= Spa:n {Vla Va2, V3} : Va

= Span {Vl, Vo, V4}
= Span{vi,vs,vs} 10

= Span{va,vs,vs}

8

6
= Span{vi,va} 4
= Span{vi,vs} ?)
= Span{vg,vs}

= Span{va,va}

= Span{vs,va}

# Span{vi,va}




Vector space and subspace

Example Let

P.29 / 74

4 4 0 —4 2
vi=|—4|,va=1|6|,v3= (10|, va=| 4|, and vs5= [0].
0 2 2 0 8

Span{vi,ve} # Span{vi,vs}
Span{vi,va2} # Span{va,vs}
Span{vi,vs} # Span{va,vs}

z

All the three subspaces of R?
are not the same. But

Span {vi,va,vs} = RS,

Vector space and subspace

a—3b
Example 1.6 Show that S = b ; “1. a,b € R % is a subspace of R*
b
Proof. For any u in S,
a— 3b a —3b 1 -3
"= b—a_—a_|_ b | _1+b1
| a | T |a ol %1 0
b 0 b 0 1
Hence, we see that
1 -3
—1 1
S = Span 1110
0 1

Thus, S is subspace of R*.

&!

P.30 / 74
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Example 1.7 Let

1 2 3 4 4
—2 5 —4 8 8
Vi = |—-5| ,Va = 6 , V3 = 5 , Vg = | —8 and vy = | -8 s
3 —1 —2 9 10
1 2 3 4 4

and S = Span {v1,Vva, v3 v4,Vvs} is a subspace of R®.

1. Suppose S = Span {Vz‘,Vj,Vk,VE} for [71: | A = sp.Matrix([[1,-2,-5,3,1],,
some 1, j, k,£. What are these four —[2,5,6,-1,21,
< [3,-4,5,-2,3],,
vectors? < [4,8,-8,9,4],,,

. ~—[4,8,-8,10,4]1]1).T; A
2. Can S be spanned by any three vectors in

{v1,v2,vs,va,v5}? Why or why not? [71: _12 g _34 ;1 ;1

-5 6 5 —8 -8

Solution. Let A = [vl e V5] . It follows from 3 -1 -2 9 10
the RREF of A that vi,va, Vs, vs are linearly r2os 44

independent and v4 is a linear combination of  [81: a.rref0

vi,Va, V3, Vs. Thus,
[8]: (Matrix([

S = Span {vi,va,vs, v5}. (1, 0, 0, 3, 0l,
pan {Vv1, V2, Vs, Vs } (o, 1, 0, 2, 0],
[O, Os 11 _1, 0]3
Furthermore, any of vi,vs,Vvs, vs cannot be [0, 0, 0, o0, 11,
written a linear combination of the other three Eg’ (1)’ g 4()); o1,
vectors, S cannot be spanned by three vectors.
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Column Space

The column space of an m x n matrix A, written as Col A, is the set of all
linear combinations of the columns of A. If A = [al e an}, then

Col A = Span{ai,...,a,} = {b € R" : b = Ax for some x in R"},
which is subspace of R™.

Null Space

The null space of an m X n matrix A, written as Nul A, is the set of all
solutions to the homogeneous equation Ax = 0. i.e.,

NulA = {x € R": Ax = 0}.
The null space Nul A is a subspace of R".
Proof. Take any u and v in Nul A. Then Au = 0 and Av = 0. Now
Alu+v)=Au+Av=0+0=0.
Therefore, u 4+ v is in Nul A. For any c € R,
A(cu) = ¢(Au) =c-0=0.
Ry T HoscKoxe
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Example 1.8 Let
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0o -1 -1 1 -2 o0 6 -7
-1 -1 1 1 -2 -2 2 -6
1 0 -2 0 2 -2 -8 6
A= 0 0 0 0 1 —2 —6 and b = 7
2 1 -3 -1 2 -2 -10 8
—2 2 2 2 1 1 4 0
0o -2 -2 2 1 -1 0 0
1. Determine if b is in Nul A.
2. Determine if b is in Col A.
[1]: A = sp.MatriX([[O,—l,—l,l,—2,0,6],u [2]: b = sp.Matrix([[—7,—6,6,7,8,0,0]]).T; b
—[-1,-1,1,1,-2,-2,2],,
«[1,0,-2,0,2,-2,-8], [0,0,0,0,1,-2,-6],, (o]: [=7
%[211’_3:_1321_2,_10]3u —6
—[-2,-2,2,2,1,1,41,, 6
{_>[01_2J_252311_1:0]]); A 7
8
mij: fo -1 -1 1 =2 0 6 0
-1 -1 1 1 -2 -2 2 0
1 0 -2 0 2 -2 _8
0 0 0 0 1 -2 -6
2 1 -3 -1 2 -2 —10
-2 -2 2 2 1 1 4
0o -2 -2 2 1 -1 0 N
@ Ej‘f :F%a}}ﬁ?ﬁ(.\’nvrkswv
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Solution.
[3]: AGb
. F o 1. Compute the product Ab,
3]: —
e 9
10
8
—29 —3
60 Ab=| 8 | #0.
99 —29
= 60
[4]1: A.row_join(b) 22
41: o -1 -1 1 =2 0 6 -7 Obviously, b is not a solution of
-1 -1 1 1 -2 —2 2 —6 . )
1 o 2 o 5  _5 _g 6 Ab =0, so b is not in Nul A.
0 0 0 0 1 -2 -6 7
2 1 _3 -1 2 -9 —10 8 2 We Deed to SOIVG AX = b
—2 _—2 2 2 1 1 4 0
[0 —2 -2 2 1 -1 0 0 [A | b]
[6]: A.row_join(b) .rref() 1 0 _9 0 0 0 0 0
o 1 1 -1 0 0 -2 0
[6]: (Matrix([ 0 0 0 0 1 0 -2 0
~ 0 0 0 o 0 1 2 o0
[1, 0, -2, 0, 0, 0, 0, 01,
0 0 O o 0 0 o0 1
[09 11 1, —13 07 O, —23 0]’
0 0 0 0 0 0O 0 o
[03 01 O, 03 17 O, _23 0]: 0 0 0 0 O O O O
o, o, o, 0,0,1, 2,0,
o, o, o, o0,0,0, O0,1l,
o, o, 0, 0,0,0, 0,0], We see that the system Ax =b
o, o, o, o, 0,0, 0, 01D, .. . . .
0, 1, 4, 5, 7)) is inconsistent, so b is not in

Col A.
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Example 1.9 Find a spanning set for the null space of the matrix

1 0 -1 —1 0 2 0 -3 -3 4

0 1 1 1 1 2 0 -3 —8 1
A= —2 0 2 2 2 -2 —2 6 —2 —6
! 2 3 3 0 1 2 —4 -7 =2

2 —1 -3 -3 0 2 -1 -2 0 6

—2 2 4 4 —2 2 4 —6 —6 2

Method 1

[11: A = sp.Matrix([[1,0,-1,-1,0,2,0,-3,-3,4], [0,1,1,1,1,2,0,-3,-8,1],,
—[-2,0,2,2,2,-2,-2,6,-2,-6]1,[-1,2,3,3,0,1,2,-4,-7,-2], [2,-1,-3,-3,0,2,-1,-2,0,6],,
—[0-2,2,4,4,-2,2,4,-6,-6,2]1); A

[1]: 1 0 -1 -1 0 2 0 -3 -3 4
0 1 1 1 1 2 0 -3 -8 1
—2 0 2 2 2 —2 -2 6 -2 —6
—1 2 3 3 0 1 2 —4 -7 —2
2 -1 -3 -3 0 2 —1 —2 0 6
—2 2 4 4 —2 2 4 —6 —6 2

[2]: =x1,x2,x3,x4,x5,x6,x7,x8,x9,x10 = sp.symbols('xl x2 x3 x4 x5 x6 x7 x8 x9 x10')
sp.linsolve((A,sp.zeros(10,1)),x1,x2,x3,x4,x5,x6,x7,x8,x9,x10)

(21: {(z3 + =4 + 8 — xg, 2210 — ©3 — 4 — =7 + 228 + 229, 3, T4, T10 + 7 — T8 + 279,
—2x10 + x8 + 2x9, x7, T8, T9, T10)}

ZQ)\ THE HONG KONG
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POLYTECHNIC UNIVERSITY
UL TR

Null space and column space P.36 / 74

The general solution is of Ax =0 is

B z3 + x4 + 28 — T9 7
—x3 — x4 — 7 + 228 + 29 + 2210
x3
T4
x7 —x8 + 2z9 + 10

X - rg + 2x9 — 2x10
z7
zs
z9
L 10 .
1 7 - 1 r 0 r 1 r— 17 r 0
—1 —1 —1 2 2 2
1 0 0 0 0 0
0 1 0 0 0 0
= I3 8 +x4 8 +x7 (1) +xs 11 +x9 3 +x10 _12
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
. 0 . 0 L 0 L O . 0 L 1
S~—~— N ad S~—~— S~—~— S~—~— N~—~—
uy uo us ug us ug
= T3U1 + T4u2 + xr7u3 + T8V4 + T9Vs + T10Ve.
So

Nul A = Span {u1, uz, us, us, us, ug }

and {u1,u2,us, uq, us,ug} is the spanning set for Nul A. D HEIE R v
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Method 2
[3]: A.nullspace() Matrix ([ Matrix ([ [4]: | # Rank of A @ SymPy
[ o], [-11, A.rank()
[-171, [ 2],
[3]: [Matrix([ [ o1, [ o],
L 11, [ ol, [ ol, [41: 4
(=11, 11, [2],
1, [ o], [ 21,
Lol, [ 11, [ o], [5]: import numpy as np
L ol, [ ol, [ ol,
L ol, [ o], [ 11,
L ol, [ oI, [ 01D, [5]: | # Convert Matriz @ SymPy to NumPy,
tol, Matrix ([ Matrix ([ —Array
E g%]’)’ E g: E (2)%: B = np.array(A) .astype(np.float64)
Matrix ([ [ o1, [ o],
E_H [ o], [ o], [6]:  # Rank of B @ NumPy
[ o] : E‘H : E_g : np.linalg.matrix_rank(B)
E 1%, [ o], Lo,
0l, 11, (o1, [6]: 4
L ol, [ol, [ol,
L ol, [ o1, [ 11D]
[ o],
[ o],
[ 01D,
Rank

The rank of A, denoted by Rank A, is the number of pivot entries of A.
Qb THE HONG KONG
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Let
3 0 0 3
u = |0, we= 12|, us=1|0|, and uys=|—-1
0 0 3 1
Clearly,

Span {ui, uz,us,us} = R3

as every vector in the vector space R® are be written as linear combination of

4
ui, us, us, uy. But..... if v= |[5], then
6
v = 1u + 3u —|—§u +u
= 3 1 2 3 3 4,
v = zu + 2u —|—Zu —u
= 3 1 2 3 3 4,
v = —gu —l—zu +éu + 2u
= 3 1T pu2 3 3 4

The combination may NOT be unique. -
qu ;I’-(!;'IF‘II'I'IIQ("\T(I'\E(E ) ?J(A\'IIVI'.RS]TY
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Basis and dimension

If we just consider

3 0 0
u; = (0 s us = |2 5 and us = |0].
0 0 3

Again, Span {ui,uz,us} = R3. Now if v =

4 !i
V = —Uj —|— —Uu9 + 2”3.

The combination is now unique.

Even if we just consider

3 0 3
u]; = 0 y Uy = 2 R and Uy = —11.
0 0 1

One can show that Span {u;, uz,us} = R* and

v——Eu +Eu + 6u
=gt g 4.

The combination is also unique.

P.40 / 74
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[1]: wul = sp.Matrix([[3,0,0]1]1).T; [6]: # A4 = [ul u2 u3]
u2 = sp.Matrix([[0,2,0]1]).T; A = sp.BlockMatrix([ul,u2,u3]).
u3 = sp.Matrix([[0,0,3]1]1).T; <—as_explicit(); A
u4 = sp.Matrix([[3,-1,111).T;
v = sp.Matrix([[4,5,61]).T; (6] : 3 0 0
0o 2 0
[2]: =x1,x2,x3,x4 = sp.symbols('xl x2 x3 x4') 0 0 3
[7]: sp.linsolve((A,v),x1,x2,x3)
[31: | # A = [ul u2 u3 u4]
A = sp.BlockMatrix([ul,u2,u3,u4]).
<—ras_explicit(); A [7]: 4 5 9
37 2’
[31: |3 0 o© 3
6 2 0 -1 [81: | #4 = [ul u2 uj]
0 0 3 1 A = sp.BlockMatrix([ul,u2,u4]).
—sas_explicit(); A
[4]: v
[8l: |3 0 3
[4]: |4 0 9 1
5 0o o0 1
6
[5]: sp.linsolve((A,v),x1,x2,%3,x4) [9]: sp.linsolve((A,v),x1,x2,x3)
[5]: 4 T4 5 T4 [9]: 14 11
——m4,——|——,2——,m4 - T _16
3 2 2 3 3 2
Q THE HONG KONG
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Basis for a vector space
An indexed set of vectors B = {bi,...,b,} in a vector space V is a basis for
vV if

1. B is a linearly independent set, and

2. the subspace spanned by B coincides with V', that is,
Span B = Span{bi,...,b,} =V.

Suppose B = {b1,...,b,} is a basis for a vector space V. Then for each x
in V, there exists a unique set of scalars ci, ..., ¢, such that

X =c1b1+ ---+c¢,bn.

Dimension of a Vector Space
» The dimension of the zero vector space {0} is defined to be zero.

» If V is spanned by a finite set, then V is said to be finite-dimensional,
and the dimension of V, written as dim V/, is the number of vectors in a
basis for V.

» If V is not spanned by a finite set, then V is said to be
infinite-dimensional.

ZQ)\ THE HONG KONG
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Proof. Suppose B = {bi,...,b,} is a basis for a vector space V. Then
V = Span{bi,...,b,}. So for any vector x in V, x can be written as a
linear combination of by,...,b,.
Suppose a vector x in V' has two representations,
X=cbi+--4+c,b, and x=dib;+---+d,b,,
for some scalars c1,...,c, and di,...,d,. Then
O0=x—x=(c1 —di)bi1 4+ -+ (ch — dn)bn.
As {bi,...,by,} is linearly independent, we must have
(C1—d1):0 (Cz—dg):O (Cn—dn)zo.
i.e.,
61:d1 CQIdQ Cn:dn.
Therefore, the representation is unique.
QR sy
Basis and dimension .44/ 74
Basis for a subspace
An indexed set of vectors B = {bi,...,bx} in a subspace S of a vector space

V is a basis for S if
1. B is a linearly independent set, and

2. the subspace spanned by B coincides with S, that is,
Span B = Span{bi,...,bg} = S.

Suppose B = {b1,...,b} is a basis for a subspace S. Then for each x in S,

there exists a unique set of scalars ci, ..., cr such that

x =cib1 + -+ cxbg.

Dimension of a subspace

Let S be a subspace of a finite-dimensional vector space V. Then S is

finite-dimensional and
dim S < dimV.

Proof. Will be provided later.

QA THE HONG KONG
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Examples
3 0 0 3 0 3
1. The sets { [O] , [2] , [O] } and { [O] , [2] , [—1] } are two bases for
0 0 3 0 0 1
R°.
2. Let
1 0 0 0
e = 0 ey = 1 e3 = 0 and e4 = 0
0]’ 0]’ 1 0
0 0 0 1

The set {e1,e2,e3,e4} is a basis for R*. This basis is called the
standard basis for R*.

3. In general, let e; be the vector in R™ with 1 in the jth entry and zero
elsewhere. Then

» {ej,eq,...,e,} is linearly independent, and
» every vector can be written as a linear combination of
€1,...,€en.
Thus, {e1,...,e,} is a basis for R™. This basis is called the
standard basis for R". & RS wvenars
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4. Let
1 0 0] 0 1 0] 0 0 1]
En=1o o ol #2500 0 o|" #2T |0 0 ol
[0 0 0 [0 0 0 0 0 0]
Ea=\y o ol 2500 1 o0 #2710 0 1

The set {Ell, FEia, Fhs, Ear, Foao, E23} forms a basis for R?*3.

5. In general let E;; be the m x n with 1 in the (4, j)th entry and zero
elsewhere. Then

{Ell,Elg,...,Eln,...--- ,Eml,---,Emn}

forms a basis for R™*"™. This is called the standard basis for R""*",

6. Let

po(x) =1, pi(z) =z, p(z)=2> ... pu(z)=2"

The set {po, p1,p2,...,pn} forms a basis for P,,, the space of

polynomials of degree at most n.
QA THE HONG KONG
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Example Let
po(x) =1, pi(z) ==, pa(z)=2°, ... polz)==x

and B — {p07p17p27 LA ’pn}

» For any scalars co, ..., cn,
copo(x)+cip1(x)+ - Aenpn(z) =0 =  co-14c1-z+co-z’+ - Fcp-z” = 0.

Then we must have ¢co = c¢1 = co = --- = ¢, = 0. Therefore, the
polynomial po, p1,p2,...,pn are linearly independent.

» For any polynomial p(z) in P,,, p(x) must have the form
p(x) = ao+arz+a2z’+ - Fanz™ = aopo(x)+aipi(z)+aspz(z)+- - +anpn(z).

for some coefficients ao, a1, az,...,a,. Thus, p(x) is a linear combination
of po, p1,p2,...,Pn, or equivalently, p(z) is in Span {po, p1,p2,...,Pn}

In summary , B = {po, p1,p2,--.,pn} forms a basis for P,.

THE HONG KONG
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Example 1.9 (cont.) Find a basis for Nul A and Col A respectively, where
1 0o -1 -1 0 2 0 -3 -3 4
0o 1 1 1 1 2 0 -3 -8 1
A— |2 0 2 2 2 -2 -2 6 -2 -6
= |-t 2 3 3 o 1 2 -4 -7 =2
2 -1 -3 -3 0 2 -1 -2 0 6
-2 2 4 4 -2 2 4 -6 -6 2
Solution. Reduce A to its reduced row echelon form
1 0 -1 -1 0 0 0 -1 1 0
o 1 1 1 0 0 1 -2 -2 -2
Ao 00000 1 0 -1 1 —2 1
o0 0o o0 0 1 0 -1 =—2 2
oo 0o ©0 0O 0O O 0 0 0
oo 0o ©O0 0 O O 0 0 0
The general solution of Ax =0 is
-1 -1 - - 0 - -1 - -— 1 - 0 7
—1 —1 —1 2 2 2
1 0 0 0 0 0
0 1 0 0 0 0
X = I3 8 +24 8 +T7 (1) o || 2o | 2| 410 |
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
L o L 0 _ L o L 0 L o [ 1
~—— S—— S—~— ~—— S—~— ~——
ul uz us uq us ug

So Nul A = Span {u1, uz, us, us4, us, us}. These six vectors are linearly
independent (why?). Therefore, {u1,uz, us, us, us, us} forms a basis for
Nul A. Also dim Nul A = 6.
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From the reduced row echelon form of A,

1 0 0 2
0 1 1 2
—2 0 2 —2
ar= | az = | o a = | o a = | 4
2 —1 0 2
—2 2 -2 2

are linearly independent and span the column space of A. Therefore, the set
{ai,a2,as5,a¢} forms a basis for Col A. Thus, dim Col A = 4.

[4]: | # Column Space of A Matrix ([
A.columnspace() [ o],
[ 1] k]
[ 2] k]
[4]: [Matrix([ [ o],
[ 11, [ o],
L o1, [-211),
[-21, Matrix ([
[-11, [ 21,
[ 2], [ 2],
[-211), [-21,
Matrix ([ [ 11,
[ o], [ 2],
L1, [ 21D]
[ O] k]
[ 2] k]
[_1] B
[ 21D),
QR sy
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Basis for null space

The vectors vi,va,..., Vi produced in parametric vector form of general
solution of Ax = 0 are always linearly independent and from a basis for Nul A.

Basis for column space
The pivot columns of a matrix A form a basis for Col A.

Outline of proof.

» Every non-pivot column of A is a linear combination of pivot columns

of A.

» The pivot columns of A are linearly independent.

Thus, the pivot columns of A form a basis of Col A.

ZQ)\ THE HONG KONG
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The Spanning Set Theorem
Let B={vi,...,v,} beasetinV, and let S = Span{vi,...,v,} # {0}.

1. If one of the vectors in B, say v is a linear combination of the remaining
vectors in B, then the set formed from B by removing v, still spans S,
i.e.,

S =Span{vi,...,vp} =Span{vi,..., Vk_1,Vit1,...,Vp}.

2. Some subset of B forms a basis for S.

Proof of (1.) Clearly, Span{vi,...,Vg—_1,Vkti,...,Vp} CS.
Suppose vy is a linear combination of remaining vectors in B. Then

Vi =divi+ -+ dik-1Vik-1 + dkt1VEr1 + -+ dpVp.
Now for any b in S = Span{vi,...,v,},
b = cavi+- -+ Ck-1Vk-1+ CkVE + Cht1Vit1 + -+ CpVp
= (a1 +ckdi)vi+ -+ (ck—1 + ckdr—1)VE—1
(k1 + chdrt1) Vs + -+ (cp + crdp) v,

so b is also Span {vi,...,Vk_1,Vk+1,...,Vp}. Thus,
S CSpan{vi,...,Vk_1,Vit1,...,Vp} = S =Span{vi,...,Vk_1,Viti,...,Vp}.
Basis and dimension P52/ 74

Basis vs Invertible matrix
Let A be an invertible n X n matrix. Then the columns of A form a basis of R".

Proof. Suppose A is invertible. Then
A is invertible.
= A has a pivot entry in every column.
= The homogeneous equation Ax = 0 has trivial solution only.

= The column vectors of A are linearly independent.

On the other hand,

A is invertible.
= A has a pivot entry in every column.
= The linear equation Ax = b is consistent for all b € R".

= The column vectors of A span R".

THE HONG KONG

Thus, the column vectors of A form a basis of R" G LN vy
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[8]: A = sp.Matrix([[2,8,6,0,-6,8,0],,
= (=il o By =Bp L g il =B8] g

2 8 6 0 —6 8 0 %[_5)7339_1:7,2’7]9\_1
—1 8 -2 1 1 -9 5 (—>[3,_5,-1,_6,7,3,-4],u
-5 7 3 —1 7 2 7 %[_5,2,2:6:_9:_7,3]:\4
A=1]3 -5 -1 -6 7 3 —4 . — [-8,-8,-5,8,-5,8,-7],,
-5 2 2 6 -9 -7 3 —[8,-9,-7,8,6,1,211); A
-8 -8 -5 8 -5 8 -7 -
8 —9 7 8 6 1 2 [8l: 2 8 6 0 —6 8 0
-1 8 -2 1 1 -9 5
.. . -5 7 3 -1 7 2 7
Determine if the columns of A form a basis for 3 -5 -1 -6 7 3 _a4
R7. -5 2 2 6 -9 -7 3
-8 -8 -5 8 -5 8 -7
. . 8 -9 -7 8 6 1 2
Three different solutions: -
[9]: A.rref()
» Since the reduced row echolon form of
. . (Matrix ([
A is I7, the columns of A are linearly [1. 0. 0, 0, 0, 0, 0],
independent and hence they form a Eg (1): <1’, g g’ g’ 8%
basis for R”. [0, 0, 0, 1, 0, 0, 0],
(o, o, o, 0, 1, 0, 01,
> 3 — [O: O, 09 0) O; 1; 0])
Smc§ Rank{l 7, the columns of A 0 0 o o o o 1.
are linearly independent and hence ©, 1, 2, 3, 4, 5, 6))
they form a basis for R”. [10]: A.rank()
. . [10]: 7
» Since det A = —2679572, the matrix
A is invertible and hence the columns [111:  A.det(
of A form a basis for R”. [11]: —2679572
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Basis vs linearly dependent

If a vector space V' has a basis B = {b,...
more than n vectors must be linearly dependent.

Proof. Let {ui,..

.,up} be aset in V with p > n. Then

n
uj:ZCijbi j=1,...,p.
i=1
Then
P P n P n n P
O:Zazjuj :ij ZCijbi :chijiji =
j=1 j=1 i=1 j=1 i=1 i=1 \j=1
Since {bi,...,by} is linearly independent,
p C11 Cip 1
Zcz‘jszo jzl,...,n — —
J=1 Cnl Cnp Tp

,bn}, then any set in V' containing

Since p > 0, the homogeneous system has nontrivial solutions and thus, not

all z; are zero. Therefore, ui,..

., up are linearly dependent.
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Number of vectors in different bases
If a vector space V' has a basis of n vectors, then every basis of V' must consist
of exactly n vectors.

Proof. Suppose
B={bi,...,b,} and V={vi,...,vi}
are both basis of V.

> Since B has n vectors and {vi,...,vy} are linearly independent,
k<n.

> Since V has k vectors and {b1,...,b,} are linearly independent,
n < k.

Hence, k = n.

Dimension of Subspace

Let S be a subspace of a finite-dimensional vector space V. Then S is
finite-dimensional and dim S < dim V.

Proof. Suppose {bi,...,bs} is a basis of S, i.e., Kk =dim S. Then by,..., b
are k linearly independent vectors in V. As any set containing more than
dim V' vectors must be linearly dependent, we must have £k < dim V.

Basis and dimension P56 / 74

Examples
1. The dimension of R" is n.

2. The dimension of R™*" is n?.

3. The dimension of P,, is n + 1.

4. The dimension of the subspace of n x n diagonal matrices is n.
5

. The dimension of the subspace of n x n triangular matrices is sn(n + 1).

1 0 -1 -1 o0 2 0 -3 -3 4
0 1 1 1 1 2 0 -3 -8 1
=2 o0 2 2 2 2 _—2 6 -2 —6
6. Let A= |7 , 3 3 o 1 5 _4 _= _o|-Then
2 -1 -3 -3 0 2 -1 -2 0 6
2 2 4 4 —2 2 4 -6 -6 2

dimNulA =6 and dimCol A =4 = Rank A.
The Basis Theorem
Let V' be a n-dimensional vector space, n > 1.

1. Any linearly independent set in V' can be expanded, if necessary, to a
basis for V.

2. Any set of exactly n linearly independent vectors in V' forms a basis for V.

. THE HONG KONG
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Dimension of Nul A and Col A

» The dimension of Nul A is equal to the number of free variables in the
equation Ax = 0 (number of non-pivot columns),

» The dimension of Col A is equal to the number of pivot columns of A,
i.e.,

dim Col A = Rank A.

> |f Ais an m X n matrix, then

dim Nul A + dim Col A = n.

Example Find the dimensions of the null space and column space of
-3 6 -1 1 =7
A=|1 -2 2 3 -—1|.
2 -4 5 8 -4

Solution. Row reduce the matrix A to its row echelon form.

-3 6 -1 1 =7 1 -2 2 3 -1
A= 1|1 -2 2 3 -1 ~-...~ |0 0 1 2 =2,

2 -4 5 8 —4 0O 0 0 0 o0
Then dim Nul A = 3 and dim Col A = 2 = Rank A. &P BRI S wiom
Row space .55 / 74
Row space
The row space of an m X n matrix A, written as Row A, is the set of all linear
r
combinations of the rows of A. If A= | : [, then
r'm

Row A = Span {r1,...,rm}.

-2 -5 8

1 3 -5
Example If A = 2 11 —19| then

1 7 —13

RowA=Span {[-2 -5 8],[1 3 —5],[3 11 -19],[1 7 -13]}.
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Row space .50 / 74

Row Space vs Row Equivalence

1. If two matrices A and B are row equivalent, then their row spaces are the
same.

2. If B is in row echelon form, the nonzero rows of B form a basis for the
row space of B as well as for that of A.

Proof. Notice that B is obtained from A by row operations.
» All rows of B are linear combinations of the rows of A.
» Any linear combinations of the rows of B is a linear combinations of
the rows of A.
» The row space of B is contained in the row space of A.
By a similar argument, the row space of A is contained in the row space of
B. Thus, the row space of B is the same as the row space of A.
Suppose B is in row each echelon form.

» All nonzero rows of B span the row space of B.

» All nonzero rows of B are linearly independent.

All nonzero rows of B form a basis for the row space of B A
!—I E | (ONG (;),\J('v ——
and hence the row space of A. @D o U

Row space P.60 / 74

Example 1.11 Find bases for the row space, the column space, and null space
of the matrix
-2 =5 8 0 -—-17
1 3 -5 1 5
A= 3 11 -19 7 1

1 7T =13 5 =3

Solution. Reduce A to its reduced row echelon form

-2 -5 8 0 -17 10 1 0 1
4_|1 3 -5 1 5| o1l —20 3
3 11 -19 7 1 00 0 1 =5
1 7 -13 5 -3 00 0 0 0

» The vectors
1 010 1, [0 1 -2 0 3, [0 0 0 1 -5

form a basis for Row A.

—2 -5 0

» The vectors 1 3 1 form a basis for Col A.
317|111 |7
1 7 5)
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Row space P61/ 74

» Write the general solution in parametric form

—IE1_ _—$3 — 5175_ _—1_ _—1_
X2 2.@3 — 3335 2 -3
T3 = T3 = I3 1 + x5 0
T4 5xs 0 5)
_.%'5_ | x5 | | 0 | | 1 _
- -
2 -3
The vectors | 1 | and | O | form a basis for Nul A.
0 5)
> Finally,
dimColA =dimRow A =3 and dimNulA = 2.
QR sy
Rank P.62 / 74
Rank
» The rank of A, denoted by Rank A, is the dimension of the column space
of A.

» The rank of A is also equal to the number of pivot entries of A.

The Rank Theorem

» The dimensions of the column space and the row space of an m x n
matrix A are equal, i.e.,

Rank A = dim Col A = dim RowA.

» The rank of A satisfies the equation

Rank A + dim Nul A = n.

Proof.
» dim Row A = the number of pivot columns in A
» dim Col A = the number of pivot columns in A

» dim Nul A = the number of non-pivot columns in A YRR —
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Rank P.63 / 74

Example 1.12

1. If Ais a7 x 9 matrix with a two-dimensional null space, what is the rank
of A.

2. Could a 6 x 9 matrix has a two dimensional null space?

Solution.
1. Since A has 9 columns, then Rank A + dimNul A = 9. i.e.,

Rank A =9 —-dimNulA=9-2=7.

2. No!! If dim Nul A = 2, then
Rank A =9 —-dimNulA=9-2=7.
But Col A is a subspace of R®. So
Rank A = dim Col A < dimR® = 6!!

Contradiction!
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Rank P.64 / 74

Equivalent conditions for invertible matrix
Let A be a square n x n matrix. Then the following statements are equivalent.

1. Ais an invertible matrix.

2. A is row equivalent to the identity matrix I,,.

A has n pivot positions.

The system Ax = 0 has only trivial solution.

The system Ax = b has at least one solution for each b € R".
The columns of A form a linearly independent set.
The columns of A span R".

The columns of A form a basis of R™.

Col A = R"™.

10. dim Col A = n.

11. Rank A = n.

12. dim Nul A = 0.

13. Nul A = {0}.

© ® N o U A W

ZQ)\ THE HONG KONG
b POLYTECHNIC UNIVERSITY
T B TR




Change of basis P.65 / 74

B-coordinate vector

Suppose B = {b1,...,b,} is a basis for a vector space V. Given a vector x in
V.

> The coordinates of x relative to the basis B (or the B-coordinates of x)
are the weights c1, ..., c, such that

X =c1b1 + -+ c,by.

» The coordinate vector of x relative to B is defined by

C1
C2
[X]B = . e R".
Cn
» The mapping
x — [X]B

is called the coordinate mapping determined by 5.
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Change of basis P.66 / 74

Example Let

1 1 1 2 —
b1: 1,b2: —1,b3: 1 , X = 4 .
1 0 —2 -3

Then B = {b1,b2,bs} is a basis for R*. Now ; K

XZl-b1+<—1)-b2+2-b3

x]s = : ’
Now let 1 2 0 —e
ci=|1|, c2=1|0|, c2a=12]. —a
—1 1 4

Then C = {c1, c2,c3} is another basis for R3. Here

oo o
@ N e

x—24 C —l—_5 C +2 c )
= 7 1 7 2 7 3 /
and so = —2_\/10—1—2
[x]c = —22 . ’ e 6543 X
7




Change of basis P.67 / 74

Example Let B = {1,z,2% 2°} be the standard basis of the space P3 of
polynomials of degree at most 3. For any p(x) in € Ps, p has the form

p(t) = ao + a1z + azz® + asz’.

Then,

[pls = e R*.

Thus, the coordinate mapping p + [p]s is an isomorphism form P3 onto R*.
For example,

1
3 0
pi(z) = 142 — pils = 0
2
4
1
pa(z) = 4+2x+52° -2 — [p2]s = 5
QR sy
Change of basis P63 / 74
Linear independence for coordinate vectors
Suppose B = {b1,...,b,} is a basis for a vector space V. Then the vectors
Vi,...,Vp in V are linearly independent if and only if the coordinate vectors

vi|B,...,|vpy|g in R™ are linearly independent.
P y

Proof. The following statements are equivalent.

1. The vectors vi,...,v, in V are linearly dependent.

2. One of the vectors vy, is a linear combination of the remaining vectors
Viy.e oy VEk—1,VEk41,y...,Vp.

3. One of the coordinate vectors [vg]s is a linear combination of the
remaining coordinate vectors [vi]gs, ..., [Vk—1]|B, [Vk+1]B,-- -, [Vp]B-

4. The coordinate vectors [vi]g, ..., |[Vp|s in R™ are linearly dependent.
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Change of basis P.69 / 74

Example Let

1 0 1 4
0 —1 0 3 [1]: A = sp.Matrix([[1,0,2,0,0],.
X1 = |2, Xo= 1|, x3= |1 b= |12]. «»[0,-1,1,1,01, [1,0,1,0,011).
0 1 0 -3 —T; A
0 0 0 0
[2]:
Show that B = {xi,x2,x3} forms a basis for 1

S = Span {x1,x2,x3} and find [p]s, the coordini-
ate vector of b relative to B.

QO NO R
orrlo
OO = O

[2]: Db = sp.Matrix([[4,3,12,-3,0]1]1).

Solution. Let T; b
1 0 1
0 -1 0
0 1 o0 o
0 0 0 -
Since Rank A = 3, these three vectors are linearly 0
independent. Thus, they form a basis for S = [31: x1,x2,x3= sp.symbols('x1 x2,,
Span {Xl,XQ,Xg}, —x3")

Now consider the linear system Ax = b. The

SOhltiOIl is [4]: sp.linsolve((A,b),x1,x2,x3)

[b] X 113 [41: {(11, —3, —7)}
B = = —_—

B 7 Qb E?LETTIIF)(L\I(I\EE UNtverstTY
Change of basis N

Change-of-coordinates matrix
Suppose B = {b1,bs...,b,} is a basis for R". Let
Pa=[bi by o b,

Then Pg is invertible.
C1

For any vector x in R™ with coordinate vector [x]s = | © |,
Cn

x=Ps[x]s <= [x|s=P;'x
We call Pg the change-of-coordinates matrix form B to the standard basis in

R"™. Furthermore, the coordinate mapping = — [z|s can be defined by

x — [X]g = Pz 'x

Proof.

C1
X=C1b1+02b2—|—"'+cnbn=[b1 bn:| = Pg[x]|s

Cn THE HONG KONG
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Change of basis P.71/ 74

Example 1.13 Use coordinate vectors to verify that polynomials
pi(x) =1+22%, po(z) =4+2x+52°, ps(x) =3+ 2

are linearly dependent in Ps.

Solution. Let B = {1,x, 2} be the standard basis of P2. Then

1 4 3
[pl]B = [0] ) [pz]zs = [1] , [p3]5 = [2] }
2 5! 0

1 4 3 1 0 -5
Since the matrix A = |0 1 2| is row equivalent to |0 1 2 |, the
2 5 0 0O 0 O

columns of A are linearly dependent, and hence

{[p1]B, [p2]B, [p3]B} is linearly dependent.

Thus, the corresponding polynomials are also linearly dependent. Indeed,

p3(x) =342z =-5(1+ 2:02) +2(4+x+ 53:2) = —5p1(x) + 2p2(x).
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Change of basis P.72 /74

Example 1.14 Let B = {bi,bs,bs} and C =
{01,02,03} with

1 1 1
[1]: PB = sp.Matrix([[1,1,1],,
by = (1|, bao=|-1|,bs=]1], %[1,-p1,1]t, [1,0,-211)
1 0 -2 PC = sp.Matrix([[1,2,0],,
<[1,0,21, [-1,1,411)
and x = sp.Matrix([[2,4,-3]]1).T
1 2 0
C1 = 1 , Co = 0 , Co = 21 . [2]: PB.inv()0x
—1 1 4 21 [ 1
Then _21
1 1 1 1 2 0 [3]: PC.inv()ex
Ps=1|1 -1 1 and Pc= |1 0 2f. )
1 0 -2 —1 1 4] B [E
%
9 L 7
Now if x = [ 4 ] , then [4]: PC.inv()*PB
-3

[4]: [
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Change of basis .73/ 74

Suppose B = {b1,...,b,} and C = {c1,...,cn} are two bases for R". For
any vector x € R",

x = Pg[x|g and x = Pc[x]c.
Then
Pc[x]c = PB[X]B — [X]c = PC_:[PB[X]B.
Let Pee g = Pc_lng. Then
[x]c = PeenBlX]B.
The matrix Pcp is called change-of-coordinates matrix from B to C.
Denote £ = {e1,...,e,} be the standard basis for R™. Then
Pg<_[3 = PB and PB<_5 = Pgl.

Furthermore,
-1
Peep=PFPeeePsep=PF, Ps.
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Change of basis P.74 / 74

Example 1.14 (cont.) Let B = {b1,b2,bs} and C = {c1, c2,c3} with

S I R ]

Then
1 1 1 1 2 0
Ps= |1 -1 1 and Po=|1 0 2
1 0 =2 -1 1 4
and
1 3 -3 9
FPerp = pc—lpB == 2 5 1.
2 -2 -1
In fact,
7 -3 9
1 1 1
[b1]e = 7 [2] , [b2]e = 7 5 ] , [bs]c = - [1]
2 -2 -1
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