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A first-order differential equation : a*
x

= f(x,y

A solution of PE is a funtion y(x) that satisfies &Ly = f(x, yx

A IVP := +ex ,y) with y(x) = yo

separable : = +(x, y) = g(ysh(x) = g = h(x)dx =( ydy =(h(x)dx +

nomogeneous : & = +(, y) = g(E) = u= y =uxu+x

u+x = g(u) = (ginu
= )xdx + c

Linear equation : S + a(x y = b(x)u(x) = eSaxdx

u + uxacx)y = u(x)b(x) = duy = u(x)b(x)

= y = u(x((u(xb()dx + 2)

Exactequation : Mcxy) +Nyl = O is exact if

S xx
= M(x, y) = >

+(x ,y) = (M(x
,y)dx + g(y)

City = N(x ,y) N(X, y) = ) cuxy)dx + gy as

= f(x , y) = (u(x
,y)dx + ((N(x,y)

- (aax)dy = C

Existence Theorem : if fixy is a continuous function in [a. b]x[c. d] if (o, Yo) is a point in the area

then 12 >0
, y(x) defined in (X0-E, Xo+ 2) satisfies IVP = +ex, y) , y(x0) = Yo

Uniqueness Theorem : fex, y) and Sty are continuous then Y, (x) Un(x) satisfies IVP and Y, (x) = Yz(x)

second order Ordinary DE. + P(x + Q(xy = R(x)

When P(x) and QCx are constant ,
the DE called DE with constant coefficients

When R(X) = 0
, the DE is homogeneous

Existence and uniqueness Theorem : IVP = a +Px + Q(xy = R(x)
, y(x0) =Y0Y(X)= %0

where P(x) , Q(X) and Rexs are continuous in an open interval containing X.



Then there exist an unique solution Y(x)

The general solution of homogeneous equation : aPxQxY= 0

y, and yo are two solution
, if Wronskian of y, andIn W4) =l = 4, 42-4:%

is non-zero for some X =Xo ,
then Y, andIarenearly independent

for any ax + gy = 0

Let ad be the root of X + px + g =0

① if a and b are real and distinct
, y,=e** andzeb y(x)= Ge+ Ceby

② if a und b are real and equal , y= e
*Y and Yo xe

**

Y(x) = Ge** + CXe
**

③ if a= + iB and D = &- iB , Y,
= e

*

cosBX and Yn = e
*

sinBX Y(x) = Ge
*

cosBX + 1228XsinBX

General solution - Non-homogeneus

for anyun + P(x) + Q(x)y = R(x)

Yp(x) is a particular solution
,

and y , y are two linearly independent solutions of homogeneous

the general solution : y(x) = C, Y, (x) + (2Yz(x) + Yp(X)

S
ViY+ v Yz = 0

Yp(x) = V, (x) Y, (x) + Vz(x) Yz(x) assume viyi+ VIy = R(X)

Yz(x)R(X)
V2'(x) =

Y, (x)R(x)
Vi(X) = - W(y , 42) W (Y.. (2)

V. (x) = - (RdxUz(x)= dX

Yp(x) = C- (Ydx)Y, (x) + ((((x)Y2(x)

for y"+ py + gy = R(x)

if Y, (x) = e
*

and Yn(x) = e
*

then W(Y, 42) = latex) = (b-a)e(+b)x

Y, (x)= e
*

and Yn(x)= Xe
*

then W(Y , Ye) = lateeax) = erax

ecosBX exsinBX

4, (x) = e
*

cosBx and Yn(x) = esinBx then W(Y , 42) = ecocospx-BsinBx) eCosinBx+Brospxs) = perex



Alternative method

① R(X) = anX"+ any X
*"

+... + a, X + 00 Yp(x) = (nX"+ Ca+ X+
+... + GX + C

② R(x) = e
*x

Yp(x) = ceax

③ R(x)= cosbX/sinbx Yp(x) = C, cosbX + Casinbx

① e
*

cosbyle
*sinbx Yp(x) = GecosbX + Gea"sinbx

System of homogeneous DES Xict) = AX(t)

X(t) = C, X
,
(t) + (2Xz(t) + ... + (nXn(t)

Q= a-bPQs = -cdp P**

Solow Growth Model

K -* L-D Y->DAYh Y= f(EL)

0 J(xK, 1) = xf(k, 2) @SY SA = XL At

Therefore Y= +(K, 2) = f(L :E
, (1) = Lf(E, 1) = <P(R) where R=

= SY = SLP(k) Also K = RL=== SLP() =L + Rx

= = sq(k)- xR

Partial Differential Equation

A second order linear partial DE : A +By +cr +D +E + Fu=

ifC = 0
, it's homogeneous

dy

for dx + xy = 0 With y(0) = 0 and y(L) =

case 1 x= 0 Then

day
dx = 0= = B = y= Bx+

Next
, y() = 0 and y()= 0 imply [B = L

The solution is y(x) = 0



Case 2 X0

u+ x = 0 =u = [(x =-=ae"+Bex

the samea=0 B= 0

Case 3 x>0x =0 = > M= i = y=cos[xX + BsinX

&
&= 0

Next y(0)=0 and y()= 0 imply
(L + Brin=0

=
Brin= 0

Notice SinAL= 0 E)L=nTE)=

Here x = (*) called eigenvalue of the boundary value problem
and Yn(X) = sin is eigenfunction

for & +xy = 0 With y'(0)= 0 and y(L)=

Case 1 x= 0 = Y(x)= &

Case 2 No = ) Y(x) = 0

SCase S No y= &cosX + BsinAX Next==

Thus y(x = &XX=(e)
&, y(0) + &2y(0) = 0

for y"(x) + xy(x)= 00xx, (B
, y(2) + Buy= 0

where di+>0 and B:+Bio

The eigenvalues x, ... are real and can be ordered xix... and And as no

for each Xn, the Yn(x) has n-zeros in Co. 2)
, satisfy J: Ym(x)Yn(x)dx =0 for all men

St)Yn(x)dX

if +(x) and fixs are piecewise continuous on [0.2] the f(x)=CnYn(x) = Cn = Joyndx

For the Regular Sturm-Liouville Problem

S(p(x(y)+ g(x)y + xw(x)y=0a(X)bStays.
where di+&20 and Bi+ B20 p(x) > 0 and W(x) 0

for eigenfunctions Yn(x) (@Ym(x) Yn(x)w(x)dX = 0 for Ome



if f(x) and fixs are piecewise continuous on [a,b] then
(a+(x) Yn(x)w(X)dX

f(x)= CnYn(x) =) (n = Jayri(x)w(x)dX

Fourier cosine series of t is (on [0,2])

f(x)= ancos for all x [0, 2]

where a= /0 tcdx and an=1.texcoax n>,

Fourier sine series of t is

+(x)= busin for Exto.<] where bu=)tasindx ,
ns/

Fourier series

suppose f and fare piecewise Its on EL
,L] . Then has Fourier series expansion

f(x)+Ancos +busin

where Go = [tdx an = Jetcosx nil bn=Setsindx ns

PDE examples

0 Ut = CUx O(XL
, Ost ULO,t)= 0

, UCL,t)=0 Out UCXO)= f(x) OX-L

Solution : U(X, t) = X(x)TCt) Then X(XTCt) = Ut = (Uxx = ( X"(x)T(t)

Thus TCN =-xU(o, t) =0 and ut) =00 =) X(u) = 0
, X()

&
T'(t) = - x(2T(t)

= ) X(x) + XX(x)=0 where No) =0 and X(L) = 0

eigenvalue An = (F)" and eigenfunction Xn(x)=sin

for 1st DE
,

TnIt)= but intbe-t

= Un(x, t) = Xn(x)Tn(t) =Dne-sin n= 1. ...

U(X, t)=Un(xit)=besin

U(X, 0) = +(x) =busin => bn=+sinx

u(X, t) = Ebsin* with bn= Jo+sindx



Example 2

Ut = (Uxx O(XL , tio ; Uxco, t)=0, Ux(4,t) =0 Ost ; U(x,O) = fix) OX1

T'(t) X"(X) &
T'(t) =-c XTct)

U(xt)= XcxTct) Then cict)
=

Xcx) = -X = X"(x) + XXX)= 0 where X10 0 X'(L)= 0

=M = (E) Xn = cos Tuit) = One
Ynot-andit

Then Un(xt) = Xn(x) Tnt) = An Econ= 0,
12. -·

the general : u(x, t) = Got are
- Let

cos

do = [tdx an=Joticos dx


