3124 cheatsheet

A first-order differential equation : %‘&ﬂf yY)

A solution of DE is a funtion Yoo thal saZisfies defe fouyon

A IVP: %’r=ﬁx.3) with yxe) = Yo

separable : :_3 =J‘Lx.5) = uphoo => sdcﬂy) = heox =>j?1't{7) dvj =jh000()( TC
homogeneous : f(l_:#cx.tp 9 > u=t grux Beunds

du |
um%‘(u_ = 9w) => Jwu =j7 dx 1

o o0 olx
Linear equation T?( T amy =b(x) ueo = eJal ’
o duwy _
UCO T + uwaooy =umoblx) = —x — = Uoobix)

=> Y= L juvobcx)dx +C)

MM _ N
2 = o

Exact equ.cd;nan M%) t N x, j)oog =0 s exact f
ax = Mix. Y) = o, Y= chx,‘j) ox + 9c4)
a_lj = NCXQ/) NCY»%);j aj ox + o)
M
=> jcx,g)z JMcx,g)d.xf j(,}\)(.x,(j) - Jde) dj =C

Existence Theorem . if tuwyp is a continuous ]lumt,ion in [ob]e[c.d] i} UeYs) is a point in The area

d
then 3¢ 70. Yo defined in (%-t. xett) sadisfies IVP —O(Z—=fu.cj) . Ye)=Yo

at
WUniqueness Theorem:  foy) and o ore continuous then Yhtn “lx) satisfies IvP ond fen=Yiow

o’y d
Second order oro(inary DE: ox * ch)i(:;'r TQWY = Rwo
When P and Quo are constant , the DE called DE with constant coefficients
When Rex> =0, the DE is homogeneous

- o™ , .
Existence and uniqueness Theorem : Ivp=> T+ P + QY =R . Y=Yy  Yx)=Y,

where Pw), oo and Rex) are continous in an open interval contw'nm\c] Xo



Then there exist on wnigue - sobution Yex)

The general solution of homogeneous equation : %*Pa)%ﬁ— tQwyY=0

Y, andl Y are two solution, ;} Whronskian af 4 anol Yo WILY.Us) = ;::' =Y Y- y'Ys
is non-2er0 for some. %=Xo, then 4 ancl Y are Umearly independlent

for e 1P 19y =0

Let w b be The mwot of A*+pAtg=o

® i} aand b are real and distinct, Y4.=e™ ond 4=e™ Y= 0"+ .e™

® i} awnclb ore veal and equal . Y= e“ancl Y =xe” Yoo=Ce™+axe™

® i} azo+ip ond b=a-ip. 4=€"aspx and Yoz eempx Yoo = (€ aspx 1 G isnpx
Clenerat 5oLution = Non - homoge neus

tor al 4. + Pk + QY =Rx)

ljp()i) is a Particutar solution , and 4., 4, are two Linearty indepenolent Solutions o]- hamoyeneous

the 9eneral solution : Y0 = G YD T Yo + Yplx)

VY, +vy, =0
0= VoYt an) bty  assume f vy Wy = Ren
%hooRe . Yoo R
Vo) = = Wey..40 Lo = Wiy
'ch)kw Y,00 R
Vilx) =~ J Wy %) V;.(,x) j WY, 4 olx

4= (- J5RB Moo+ ( Jisyam dx) oy

for y"+py'+ gy = Row

i} 4oo=e” and hco=e™ then WY, 1) = loe be' =(b-a )e‘""’)x
Yoo=€e™ and Y= xe™ then WI(Y.Yy) = ’ae (wm)e'

e “‘F" eMsinpx

Y= €osBx anol Yatx)= €”sinpx then W(Y,. %) = , " Lavospx-ponpx) €7 (Qsinpxt Pespx) Pe“”‘



Alternative method
O Rz Gnx"t 1 X"+t axt@o  Ypw= Cax"+CmX™ 11 Cx+ Co
@ R = ¥ Ypow=ce™
® Ro=casbx /sinbx  Ypt) = Cicosbx + Casinbx
@ €7 asbx [ €¥%smbx  Yp(x) = Ci€%asbx + Cae>SinbX
System of homogeneous DEs Xit)=AXct)
XCt) = CiX, 0 + GXalt) + t Ca XnCt)
Qu=a-bp Qs=-crdp P'=tof  @* =5
Solow Growth Model
Ko>%h Lo%Ak Y > 4h5A447 =fu<,z_)
) fuk, awz=afkr) ® C8 S Y sABE A @ =aL A ubtkix
7here7lnre Y= fieL) = j‘(l-"f‘ L1) = LTcE 1) = Lpr) where R=E

dK
dt =S =sLCK) Also K=kL => ot -L%B'rkﬁ:

= sigky= L4 tRAL
’7Ldt =sPCR)-AR
Pwtia( Dn‘ﬁerento‘al Equation
A secondl order Llinear partial OE: A%*Ba}f ﬂ-% *D%*E%"’L‘rfu‘-'ﬁ
p ny ] Y
i-} G=0, it’s homoyeneau.s
Y

for ox TAY=0 with Yto>=0 and Y(r)=0
case | A=0 Then

okt d

Dk =0 => miﬂs => Y=Bxtor

=0

Next, Ycr=0 and YiLd=0 Jmply {puor o 7 {p;o

7The solution is Yx) =0



Case 2 A<O
o = -
WirzoPM=1[n => Y=ae +Be
the same @=0 =0
Case 3270 WA =0 => M=tk => Y=0cashx t BsinA X
oo a=0
Next yto)r=0 and YC(L)=0 mply {orw.s/XLfIsJin/iL-'—O =7 lpsnAL=0
Motice smAL=d &> AL=n]] &> K="~
Here = CE)* called eigenvalue of the boundlary value problem
and Yo =ain"E" s eigenfunction
ﬁ ) /
tor o= -rw=o with Y=o and yw =0
Case | A=0 => Yw=of
Case 2 X0 =D Yw-=0
loes
Coe 3 Ao y=0rosiaxtPshx New = losimBL=0
Thus yoo=aeas®x  A=ED”
oY) oY) = 0
‘l’OT 'd"(,x) +AYy)=0 &x<L, {F-fﬂ"“ Byw)=0
where o+t >0 and BB >0
The eigenvolues A - ore real ancdl can be orderedl A<rs<- and Anve as nvee
for each Aa, The Yalw has n-l 2eros inCo) , .Sa.ti.sfj jo It Y0 0olx =0 7ZDT all m#n
- Je twYatoolx
51' teo andl fio are piecewise continuous on Lo..] the ']'LX) = TCYaly => €= Jo Yiooolx
For the Requlor Sturm - Liouvitle Problem
{a,ﬂ(a)fmv’m)_-.o
(Pu)q’)’f g0y 1AWCOY=D  axx<b [P Y 1B if(h)=0
where a'+a2>0 and Bt B 70 pex >0 and W >0

b
or eigenfunctions Ynlx) Ja Ym0 Ynlx) O X)X =0 for Fm+n



iT ]‘cx) ondl Téx) are piecewise | CONLINUOUS On [e.b] then
oo J2 10 Yntn o dx

]LOO= DCnYalx) => (, = Ja Yadwix cbx

Fourier casine series of i (on [o.2])
fw =y Lanms—i for osl % ¢ [o.]
where ao=‘Z‘L ‘ff—")dx and  Qn= L\/'f""”ms L dx ny
Fourier sine series of t is
Joo= b for Oxefos] where bﬁfj: tosndx, n )
Fourief series
Suppose f—ano( f’are piecewise. c¢ts on Le.L] . Then f has  Fourier series expansion
-I—og; %"-fn& (O 03" + b sin 2L )
where Qo=T Litwdx an=T Ltooes™dx nyl ba=1 jL twsn " dx n
PDE examP(eJ
@ Ue=Cuxx  O<X<L 0Kt WO:t)=D, ULLEI=D o<t  utod=fw  =xxsl
Solution:  wucxt) =XeoTce) Then XooTit) = Ue = Gl =CX'0Tee)
Ter) X' A

77!“.5 T = X ST

UC.t)=0 and ul,t)=0 >0 => X()=0,XWw)=D
Te) = -ac*Ter)

=2 X'x) TAXw=0 (ohere Xw)zo and Xcy =0
eigenvolue a=C2) and Qi?enfundion Xn(x)=sin 2

, _ oy
for Ist DE, Taw)= b€ = bt ¢

LOLIAEY
=> Un0tt)=X0fnct) = bne =7 6™ peta -
e _an
X:t = 7p n(x.t n € R I
UkLt) = Unxt) = E by o EV mmx
@ o L
MCX,Q) :-{—L)o = )—bn.SM L =) bn: i\/ "’(X)J;'-q n::&

nie
ucx,t) = )'bne ) S A_X with bn= L_j "'O‘)Jm y X olx



Example 2

Ue = CUxx xx<l , T>0 ; UxCo,t)=0, Uxt)=p OK<T ; W-x,a)=f-oo DX SL
T T'ee) =*ATet)
@ _ Xew -

wextr)=Xwlewy  Then v = Koo =-2 =2

X' taxw=p where Xiw=0 X'(&)=p
=2 A= (_"Ef Xn:m%ﬂ-x 7ntt)=0nev\“t

= Gn e-“-’.‘ﬂ‘t

Then Unint) = Xnlx) Into = aae F7*
& -2

the ?enerai CULt) =t a9 c

ao=t/of‘»dx an-‘-f\/; 7’"’9&52@‘0‘)(

nix
s L n=0,b2

NTx



