
Summary of LMM

Based on data

(yij;x1ij, ..., xpij; z1ij, ..., zqij) ≡ (yij;xijxijxij;zijzijzij), i = 1, ...,M, j = 1, ..., ni,

the Laird-Ware form of the linear mixed model (LMM) is denoted as

yij = β1 + β2x2ij + ...+ βpxpij + b1i + b2iz2ij + ...+ bqizqij + εij , i = 1, ...,M, j = 1, ..., ni, (1)

where yij is the value of the response variable for the j-th of ni observations in the i-th of

M groups or clusters. Let

bibibi =


b1i
...

bki
...

bqi


q×1

, βββ =


β1
...

βl
...

βp


p×1

, εiεiεi =


εi1
...

εij
...

εini


ni×1

, and yiyiyi =


yi1
...

yij
...

yini


ni×1

.

The Laird-Ware model in matrix notation is denoted as

yi = Xiβββ + Zibi + εiεiεi , i = 1, ...,M, (2)

where XiXiXi =


xi11 xi12 ... xi1p
... ... ... ...

xij1 xij2 ... xijp
... ... ... ...

xini1 xini2 ... xinip


ni×p

, and ZiZiZi =


zi11 zi12 ... zi1q
... ... ... ...

zij1 zij2 ... zijq
... ... ... ...

zini1 zini2 ... ziniq,


ni×q

.

In model (2), βββ is a p-dimensional unknown vector of regression coefficient, representing

common fixed effects of the covariate XiXiXi on the response value. bibibi is q-dimensional random

vector which follows multivariate normal (Gaussian) distribution, and therefore represents

random effects of the covariate ZiZiZi on the response for the i-th group or cluster. The ni-

dimensional vector of model error εiεiεi used to be Gaussian distribution also. Therefore the

distributions of the ni-dimensional response vector yiyiyi will be determined jointly by bibibi and εiεiεi.

Next we discuss the within (the group/ cluster i) and between (any two groups/ clusters

i and i′) structure under the Laird-Ware model.

• Within a group i (intra).

– bibibi ∼ Nq(0,Ψ0,Ψ0,Ψ). Within the group i, bki is the k-th random-effect coefficient. bki
follows a normal distribution with mean 0 and varianve ψ2

k.

Cov(bki, bk′i) =

{
ψkk′ , for k 6= k′

ψ2
k, for k = k′

;

1



– εiεiεi ∼ Nni
(0, σ2ΛiΛiΛi). Within the group i, εij is the j-th model error and follows a

normal distribution with mean 0 and variance σ2λijj,

Cov(εji, εj′i) =

{
σ2λijj′ , for j 6= j′

σ2λijj, for j = j′
;

– bibibi ⊥ εiεiεi. Here “⊥” denotes independence.

• Between groups i and i′, i 6= i′ (inter)

– Consider yi = Xiβ + Zibi + εiyi = Xiβ + Zibi + εiyi = Xiβ + Zibi + εi and yi′ = Xi′β + Zi′bi′ + εi′yi′ = Xi′β + Zi′bi′ + εi′yi′ = Xi′β + Zi′bi′ + εi′ .

– bibibi ⊥ bi′bi′bi′ ⇒ Cov(bibibi, bi′bi′bi′) = 0

– εεε ⊥ εi′εi′εi′ ⇒ Cov(εiεiεi, εi′εi′εi′) = 0

– bibibi ⊥ εiεiεi ⇒ Cov(bibibi, εiεiεi) = 0

• Let
∑M

i=1 ni ≡ N .

– yNyNyN =


y1y1y1
...

yiyiyi
...

yMyMyM


N×1

, where yiyiyi =


yi1
...

yij
...

yini


ni×1

;

– XNXNXN =


X1X1X1

...

XiXiXi

...

XMXMXM


N×p

, where XiXiXi =


xi11 xi12 ... xi1p
... ... ... ...

xij1 xij2 ... xijp
... ... ... ...

xini1 xini2 ... xinip


ni×p

;

– εNεNεN =


ε1ε1ε1
...

εiεiεi
...

εMεMεM


N×1

, where εiεiεi =


εi1
...

εij
...

εini


ni×1

– E(yNyNyN) = E(XNβXNβXNβ) = XNβXNβXNβ

– V ar(yNyNyN) = V ar(c+
∑q

k=1 Zkijbki
∑q

k=1 Zkijbki
∑q

k=1 Zkijbki + εijεijεij) = · · ·
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