Summary of LMM

Based on data
(Yis T1igy oo Tpifs Zigs oo Zqij) = Wigi Xigy 2i), 1 =1, , M, j=1,...,ny,
the Laird-Ware form of the linear mixed model (LMM) is denoted as
Yij = B1 + PBowaij + ... + Bpxpij + bii + boizoij + ..+ bgizgij + €, i =1, M, j=1,...,n;, (1)

where y;; is the value of the response variable for the j-th of n; observations in the i-th of
M groups or clusters. Let
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The Laird-Ware model in matrix notation is denoted as
yi:XilB—i-Zibi—f-E,' ,’izl,...,M, (2)
Ti1 T2 - Tilp Zi1l %12 - Zilg
where X; = Tij1  Tij2 - Tijp , and Z; = Zijl g2 Zijq
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In model (2), B is a p-dimensional unknown vector of regression coefficient, representing
common fixed effects of the covariate X; on the response value. b; is ¢g-dimensional random
vector which follows multivariate normal (Gaussian) distribution, and therefore represents
random effects of the covariate Z; on the response for the i-th group or cluster. The n;-
dimensional vector of model error ¢; used to be Gaussian distribution also. Therefore the

distributions of the n;-dimensional response vector y; will be determined jointly by b; and ;.

Next we discuss the within (the group/ cluster i) and between (any two groups/ clusters
i and i) structure under the Laird-Ware model.

e Within a group ¢ (intra).

— b ~ N,(0,%). Within the group i, by; is the k-th random-effect coeflicient. by;
follows a normal distribution with mean 0 and varianve 7.
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— € ~ N,,(0,02%A;). Within the group i, €; is the j-th model error and follows a
normal distribution with mean 0 and variance o?\;;;,
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— b; L €. Here “1” denotes independence.

e Between groups i and i, i # ¢’ (inter)
— Consider Yi = X,,B + Z,;bi +€; and Yir = Xilﬁ + Z,;lb,;l + €.
— b,‘ 1 b,;l = COU(bi,bil) =0
— €l e = Cov(ej,epr) =0

— b,' Le = COU(bi,Gi) =0

o Let M n, = N.
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— EN = €; R where € = €ij
€M Nx1 €in; n;x1

— E(yn) = E(XnB) = XnB

— Var(yN) = V(W’(C —+ EZ=1 Zkijbki + eij) =



